OryiaBJjieHue

I.1.

1.2.

1.3.

1.4.

L.5.

1.6.

2.1.

2.2.

2.3.

I'maBa 1. CmenianHas 3agava AJsd ypaBHEHUIA

TUTEPOOTITIECKOTO TUTIIA. . .. oo ooeee e e e e 137

OpHOpOIHAS CMelIaHHas 3a/a4a JJIsi BOJIHOBOI'O YDPABHEHMUSI.

Obmaga cxema MeToma Dyphe ..o 5

OpHopoiHas cMellaHHas 3ajada JJjisd [IPOU3BOJILHOTO YPaBHEHUs

TUIEPOOTIMIECKOTO THIIA .« . v v vvvo e e e et et e et e e e e e e 15

Heonnopoanas cMmemannas 3ajada Jjisl BOJHOBOIO

ypaBHEHUA C HEOJHOPOJHOCTBIO B YPABHEHUU .. ..o, 27

Heonnopoanas cMmerannas 3ajada Jjis BOJHOBOIO

ypaBHEHUA C HEOJHOPOJIHOCTBIO B TPAHUYHBIX YCJIOBUAX . . . ... .. 44

Heonnopoanas cMmermannas 3ajada [ BOJHOBOIO YpaBHEHU

C HEOJHOPOHOCTHIO B YPaBHEHUN U B I'PAHUYHBIX YCJIOBUSX ... 46
VngmBuayasbHble 3aJaHnsd K TIaBe 1 ......................... o1

I'maBa 2. CmentanHasg 3agava A ypaBHEHUIA

MAPAOOTIMIECKOTO THIIA . . . . oo vveee et e e e e e 69

OnHopomHasT cMeIaHHad 3aJa4a I YpaBHeHUsI

TETLIOTIPOBOITHOCTIL -+« « v ettt e et et e e et e e e e e e e e 69

Heonnopoanasi cMmerannas 3ajada /s ypaBHEHU

TEIJIOITPOBOAHOCTH C HEOJHOPOAHBIMU I'PAaHWUYIHBIMUA YCJIOBUAMU 80

Heonnopoanas cMmemannas 3ajada /s ypaBHEHHU

TEIJIOTIPOBOJHOCTU C HEOJHOPOJHOCTHIO B YPABHEHUN . . . . ... ... 85



2.4.

2.5.

3.1.

3.2.

3.3.

Heonnopomnas cMenanHad 3ajaqa Ajs OOIMX ypaBHEHMI

TAPAOOJIITIECKOTO THIIA .o oo oottt e e ettt e e e e e e e e e 90
VaauBraya bHbIe 3aTaHUS K TJIABE 2. ... 96
I'maBa 3. Peimmenue kpaeBbIX 3a1a4 JAJs ypaBHEHUd

Jlammaca B npocreiimunx objactax merogoM Pypee ... 115
Sagaua upuxnie mng ypaBHennd Jlammaaca B Kpyre........... 115
Sagaua upuxmie mia ypaBHennd Jlamnaaca B KOJbIE U KPYTOBOM
CEKTOPE  + ottt ettt e ettt e e e e e e e e e e e 124
VnamBuayabHble 3aJaHNT K TABE S ..o veee oo 130

PekoMeHIyeMass JJUTEPATYPA .. ..ovvvveeeeeiiiiin., 137



I'maBa 1

CwMmentanHast 3ajiada JIJigd ypaBHEHUit

ruIepooJIMIecKoro Tumia

1. OpgHOopoaHadg cMemiaHHAd 3a7adva JJd BOJHOBOIO
ypaBaHeHnda. O0masa cxema Mmeroga Pypbe

MaremaTuyieckoe olucaHme IIPOIecca MOoIePpevHbIX KojeOaHuil cTpy-
Hbl KOHEYHO! JIJIMHBI COCTOUT W3 ypaBHEHUd, HadaJbHBIX U T'PaHUY-
HBIX yCJI0BHil. ['paHWYIHbIE YCIOBUA TTOKA3bIBAIOT UTO ITPOUCXOIUT HA
KOHITaX CTPYHBI B JII0O0IT MOMeHT BpeMeHu. HagasibHble ycoBus 3a/1a-
10T MPOMUIbL CTPYHBI B HaYaJIbLHBIE MOMEHT BPEMEHU M COOOIIEHHBIM
CTpyHEe HadaJIbHBII UMITYJIbC, 00YCIOBIMBAIONINN HEKOTOPOE paciIpeie-
JIeHre CKOPOCTell TodeK CTPYHBI. TaKyio 3a/4a1dy Ha3bIBAIOT cMewaHHoU

3adayetl.

Onpenenenne. CMeIaHAYIO 33121y HA3bIBAIOT 00H0P0odHoT, €CIu B
Hefl 0JJHOPOJIHO YPABHEHUE U OJHOPOJHBI (HYyJIEBbIE) IPAHUIHBIE YCIIO-
Busi. Ecn B 3aj1a1e HEOJHOPOIHO YpaBHEHIE W TPAHUYHbIE VCIOBUS
(mm 1 TO U IPyTOE BMECTE), TO 3aady HA3LIBAIOT HeodHOPOIHOT.

s mceemoBanusd CMEITaHHOM 3a/1a9l BO MHOTHX CJIydasdxX YI00eH

5



6 1. O/THOPOJIHA S CMEITAHHA S 3AJIAYA JIJIdd BOJIHOBOI'O YPABHEHNU A

TaK Ha3biBaeMbIit MeTon Pyphe, NN MEeTOH, pa3AeeHnd TepeMeHHbIX.

[Tpumenenme 3TOro MeTOIa TPOUJITIOCTPUPYEM Ha, UCCIET0BAHNUN OTHO-

POJHOM CMeIaHHON 3314l JJId YpaBHEHUA KOJIeOAHUI CTPYHHI.
PaccMmoTpum 3a1a9y 0 cBOOOJIHBIX KOJIEOAHUAX CTPYHBI JIJIMHBI [, 3a-

KpeIlJIEHHO Ha KoHIaX. VTak, OymeM MCKaTh pelleHune 3a1a9n

Uy = a,2um, (1.1)
ul,—g=0,ul,_; =0, (1.2)
ul,_g = (), U],y = V(). (1.3)

Tpebyercsa HANTH HETPUBUAILHOE PEIYJIAPHOE B IOJIYIIONIOCE
0 < x <, t > 0 pemenne ojHOpOAHOrO ypaBHenud (1.1), ymosiie-
TBOPSIIOITIEE OJTHOPOJHBIM T'PAHUIHBIM yeoBusaM (1.2) u HadaJ bHBIM
yenosusim (1.3), tie ¢(x), ¥ (x) — 3amaHAbIe JOCTATOTHO TJIaJKUe Jeii-
CTBUTEJIbHBIE (DYHKIIVN.

1. Haiimem Bcrmomoratenbubie pemienns ypasuenns (1.1), me pas-
HBIE TOXKJIECTBEHHO HYJIIO, YAOBIETBOPSIONIUE OJHOPOIHBIM MPAHUIHBIM

yeaousM (1.2) 1 npejicTaBUMbIE B BUJIE TIPOM3BE/ICHUS
u(x,t) = X(x)T(t). (1.4)
[Togcrapngas (1.4) B (1.1), moygaem
X(2)T"(t) = a* X" (2)T(t). (1.5)

Pasnesns obe vactu pasercrsa (1.5) na a*X (2)T'(t) # 0, umeem
XT"  @*X"T
2XT ~ @XT

Y (1.6)
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rIe A — HeKOTOpas MOCTOsIHHAsI, TaK KaK (DYHKIINKM pa3HbIX IIepeMeH-
HBIX PaBHBI JIPYT JAPYTY TOXKIECTBEHHO TOJILKO TOI/a, Koraa obe OHU
pPaBHBI OJHOM U TOM 2Ke KoHcraHTe. Cje1oBaTe/IbHO, U3 COOTHOIIEHNA
(1.6) momywaem oObIKHOBeHHBIE muddepeHIaibible YPABHEHUSA JIJIsT
ompeenenns byuximit X (v) u T'(t):
X"+ 2X =0. (1.7)
T" 4 a*\T = 0. (1.8)
Kpowme Toro, u3 rpaauvabx yeaoBuit (1.2) MOYXKHO TOTy9IUTDH YCIOBUS
Ha PyHKII0O X
ul,—g = X(0))T'(¢) = 0,
ul,—y = X(1)T(t) = 0.
Tak xkax T'(t) # 0 (umate mosay<mMm st JE060TO ¢ TPUBUATBHOE pelTie-

are u = (), U3 MOCTeHUX PABEHCTB MOJTY IUM
X(0)=0,X(1) =0.

2. g naxoxaenus GpyHximn X () IPUXOANM K [IpocTeiiieit 3a1ade
[Irypma — JInysusis
X"+ AX =0,
(1.9)
X(0)=0,X()=0.
HeobOxoaumo HaiiTy Takue 3HAUEHUS [TapaMeTpa A, Ha3bIBaeMble COO-
CTBEHHBIMU, IPU KOTOPLIX 3ajada (1.9) mMmeeT HeHyseBble DEIICHNUS,
a TaKyKe HaliTU 9THU HeHYJIeBble PellleHns, Ha3blBaeMble COOCTBEHHBIMUI

dyHKIIAME.

Obmree pemienne ypasuenus (1.7) maerca dopmyaamu
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X(z) = CieV = + Coe VN e A < 0;

X(x) =Cy + Cox, ecim A = 0;

X(z) = C) cos vV Az + Cysin vz, ecmm A > 0,

rae C1 u Cy — Npou3BoJIbHBIE IOCTOSHHBIE. VI3 BRIpaskeHus it 00-
mero perernsi ypapHenus (1.7) u rpaEnvHbIX ycaopuit 3amadu (1.9)
ciaeayer, aro upu A < 0 Cp = Cy = 0, re. X(z) = 0. Ilpu A > 0
MIMEEeM

X(0) = C} cos VA0 + Cysin VA0 = 0,
caegosarenbio, Ch = 0. Torma
X(1) = Cysin VAL = 0.

Tak kak Cs # 0, TO
sin VAL = 0.

Torna

VI = .

2
Nmm A\, = (%) ,n=1,2,... — cobcrBeHHble 3Ha4YeHns 3aMa4u Typ-
Ma — JInyBumig. CooTBETCTBYIOIIAsS KayKIOMYy COOCTBEHHOMY 3HaUe-
HIIO cOOCTBEHHAA (DYHKIINA OIPEJIEISIeTCs ¢ TOYHOCTBIO JI0 KOHCTAHTHI

X,(z) = Cysin nlﬂ

Bes orpannuenns: obmuoctu mosioxkum Co = 1, Torga cobCTBEHHBIE

(DYHKIINT TTPUMYT BUJT
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B 3aBucuMmocTi oT BUAa TPAHUYIHBIX YCJIOBUIT MCXOMHON 3a0at1 MO-
I'yT OBITH IOJIy4YeHbl pas3jnyuHble BUAbI 3aaadu [ITypma — JInyBui-

ns. [Tonydaromuecss mpu 9ToM coOCTBEHHBIE 3HAYEHUS U COOCTBEHHBIE

dyHKIIMK 1IpejcTaBieHbl B TA0JIULIE:

Tabdbauma 1
I'pannunbie | 3ajgaqa CobcTBeHHbIC CobcTBenHbIe
YCJIOBUS [HITypma — JIMyBuIA | 3HAYEHUST A, dbynknum X,
oo =0, | X" +AX =0, A = (22)° X, = sin 1
U= =0 | X(0)=0,X()=0 n=12.. n=12..
)

Ugle=o =0, X"+ XX =0, Ap = ((%;)W) X,, = cos (2n§l1)m
Uy = 0 X'(0)=0,X()=0 n=0,1,2,.. n=0,12,..

" (2n+1)7 2 . (2n+1)ma
oo = 0, | X" 42X =0, A, = (T> X, = sin 204}
Upli =0 | X(0)=0,X'() =0 | n—012. | n=012..
Uglo—o =0, X"+ AX =0, Ap = (73—”)2 X, = cos ™*
Uzple= =0 | X'(0)=0,X"(I)=0 n=20,1,2, .. n=20,1,2 ..

3. Haiimem temneps perenue ypasuenus (1.8), koTopoe mpu A = A\,

nMeeT BU/I

T" + a*\, T, = 0.

Ero perrenne

T,(t) = A cosan/ At + By sinay/ A\, t.

Nnn

armnt
l Y

rine A, n B, — IponsBoJIbHBIE TIOCTOSIHHBIE. TakuM 00pa30oM, IIpH JIIo-

amnt

T,(t) = A, cos + B, sin



10 1. O/THOPOJIHA S CMEITAHHA S 3AJIAYA JIJIdd BOJIHOBOI'O YPABHEHNU A

obix A, n B, Bce DyHKINN

amnt amnt nmwT
up(z,t) = (An cos — + B, sin l ) sin ——

[
ynossieTBopsioT ypasuennio (1.1) u ycnosusam (1.2).

4. PaccMmorpum O0eCKOHEUHBIN Psj

- t t
u(z,t) = Z <An Cos len + B, sin CLﬂ;Il ) sin L (1.10)

[

n=1

Eciin 3107 psji CXOQUTCa U CXOAATCA PsIibl, [I0JIy9eHHbIe U3 HEro Jud-
(dbepeHnmpoBaHneM JBa pasza Mo & u JBa pasa 1o t, o psig (1.10)
MpeJICTABIAET perenne ypapuerus (1.1), yaoBIeTBOpSIOIIee YCIOBH-
M (1.2).
5. Haitnem A, m B, mak, urobbr dyukima (1.10) ymosrerBopsiia

yesoBusim (1.3). Vimeem

ul, O_ZAnsm@: (), (1.11)
~anm _ . N
ut|t:0:2 l —DB, sm——¢( ). (1.12)
n=1

Oyuknnn () n (x) pasnoknm B pamsl Pypbe M0 COOCTBEHHBIM
dbyukimam sagaan Lrypma — JInyBuiiis, B paccMaTPUBAEMOM CJIy4ae

110

9 [l
Zsﬁnsin@, rje %—i/go(a:)sinnlﬂdaz (1.13)

ansin@, e Y, = - /¢ Sin@dx (1.14)
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[Topcrasmasg (1.13) B (1.11), a (1.14) B (1.12), mosymm

(0@ o0
nmwx . N
g A, sin —— g Oy, SiN —
n=1
= anmw nmwx nmwx
E —— B, sin — = E Yy, SIN ——
[ [ [

CpaBHeHI/Ie ITUX PAJOB IIOKA3bIBA€T, 9TO IJId BbIIIOJIHEHNA Ha4adJlb-

HBIX yCHOBI/Iﬂ Ha 10 IIOJIO?2KUTDH

CrenoBaTesbHO,
2 [ 2 !
A, = i/o () sin nlixdx B, = p 0 Y(x)sin ?dw (1.15)

Yuauteiast paseHcta (1.15), u3 dopmyr (1.10) mosgyaum pererne

paccMaTpuBaeMoil cMelTaHHol 3a1a4n

(0. 9]
t 2 t
u(x,t) = Z (gpn COS len + amrwn sin cmln ) sin #

n=1

ITpumep 1 (mpumep BbIMoJHeHUs 3aa4n 11).

PemmTh cMmemannyio 3ajaqdy /i ypaBHEHUsT KoJieOaHWi CTPYHBI:

Ut = Uz, (1.16)
Ul =0, ul,_, =0, (1.17)
3
u‘t:O =0, ut|t:0 = 3311“1% + 6sin %x (1.18)

1. DTa 3amada 0HOPOJHA, ITOTOMY pelleHne OyaeM UCKaTh B BUIE

u(z,t) = X(x)T(t). (1.19)
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[Togcrasigas (1.19) B (1.16), mosyuaem
X(x)T"(t) = X"(x)T'(t).
Pasnenus obe uactu mocegnero paserctsa Ha X (x)71'(t) # 0, umeem
T// X//
T X
2. Ucnonbays yemosug (1.17), mpuxomnm k 3ajgade ltypma — Jlu-

SEY (1.20)

YBUJLIA (MOYKHO HCIOJIH30BATh JaHHbe TaO NI v HAC a = 1, = 2)

X"+ AX =0,
X(0) = 0, X(2) = 0.
2
M:(ﬂs,n:LZm,

2

Xn:Sing,nzl,Z,... :

3. N3 pasenctra (1.20) mosyanM ypaBHEHHE

T + (%)QTR = 0.

Ero pemenne

t t
T.(t) = A, COS%—I—B Sin%

rne A, u B, — Ipou3BOJILHBIE TOCTOAHHEIE.
4. Takum obpasom, pemienue ypapterus (1.16), ymoieTBopsitoriee

rpaHuaHbIM yesoBugM (1.17), npumer Bu
-~ mnt mnt N
u(z,t) = Z <A n COS —— + B, sin 7) sin — (1.21)

n=1

Ompenennm koaddurmentor A, n B, ucnonssys ycaosus (1.18)

. NI
Ul,_y = E A, sm—:()
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o0
n . NTX T 3mx

Ul = 5 —B, 51117—381n7+681n7

X
2

n=1

CpapauBaeM K03(MDMUIMEHTHI IPKU OJIMHAKOBLIX Sin "2, V3 11epBoro
papeHcTBa ciaenyer, ato Bce A, = 0. CpaBauBas Ko3pUINEHTH BTO-
POT0 PaBEHCTBA, UMEEM

npun =1:  $B; = 3,ciegoparensro, By = 2

mpu n = 3: 377TB3 = 0, cieoBaTe/IbHO, By = =

mpun=1,2,..un#1,n+#3  B,=0.

[TogcraBum Haligeruble K03 dunuenTs! B permenne (1.21), mosyanm
6 . mt . mx 4 3wt . 3mx

u(x,t) = —sin — sin — + — sin — sin :
T 2 2 s 2 2
Q mtgin I 4 4 gip 37 gip 37T
Otser. u(z,t) = Ssin T sin & + 2 sin 32 sin 27

IIpumep 2 (mpumep BbIMoJHEeHUs 3aja4n 13).

PemmTh cMmemmannyio 3ajaqdy /s ypaBHEHUsT KOJieOaHWI CTPYHBI:

U — 25uxx7 (122)
telpg = 0, ul,_3 =0, (1.23)
ul,_y = 14 cos3mx, wl,_, = 0. (1.24)

1. DTa 3amada 0HOPOIHA, ITOTOMY pelieHne OyaeM UCKaTh B BUIE
u(z,t) = X(x)T'(t). (1.25)
[Topcrapngas (1.25) B (1.22), mosyuaem
X(2)T"(t) = 25 X" (2)T(1).

Pazsenue 06e gactu nocsegaero pasercrsa Ha 25X (x)T'(t) # 0, mmeem
T// X//
25T~ X

SEY (1.26)
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2. Vcnonbays yemosug (1.23), mpuxoanm K 3ajgade ltypma — Jlu-

yBUJLIsE (MOXKHO HCIIOJIB30BAThH JAHHBIE TaOJIUIIbL ¥ HAC @ = 5, [ = %)

X"+ AX =0,
X'(0)=0,X(3) =0;

on + 1) >
A”:(Q) n=012, ..

2n+ 1)z

X, = cos ,n=01,2,...

3. N3 paenctsa (1.26) mosydanMm ypaBHeHue

2
T" + (5(2n; 1)%) T, = 0.

Ero perenne

2 L)mt 2 L)mt
5(n;)|— s +anin5(n;_ )7r7

rine A, n B, — Ipon3BOJbHBIE TOCTOSTHHBIE.

T.(t) = A, cos

4. Takum obpasom, perienne ypasuenus (1.22), ymoBieTBOpsIONiee

TpaHUIHbIM yesioBusgM (1.23), mpumer Bu

> 5(2n + 1)t 5(2n + 1)7t
u(x,t):Z<AnCOS (n;— )™ + B, sin (n;— )W)x
n=0

27
(2n + 1)7rx. 120

3
Omnpenenum koaddurmentsr A, 1 B, ucron3ys ycaosua (1.24):

= on + 1
Uy = ZA” COS ( n+3 ) = 14 cos 3z,

X COS

n=1
= 5(2n + 1)7 2n + 1)z
Ut|,g = Z g B,, cos 3 = 0.

n=1
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(2n+1)mx

T 13 BTO-

CpapHuBaeM K03 DUIIMEHTH TPU OJUHAKOBBIX COS
poro paBeHCTBa cienyet, uTo Bce B, = 0. CpaBHuBas K03MDPUITNEHTE
IIEPBOT'O PaBEHCTBA, IOJIYINM

mpun =4:. Ay =14,

mpun #4: A, =0.

[TopcraBum Haiigenubie Kodddburments! B pemenne (1.27), mveem
u(x,t) = 14 cos 157t cos 3mx.

OtBer. u(x,t) = 14 cos 157t cos 3mz.

2. OgaOpomHas cMemiaHHas 3a4ad9a AJis IIPOM3BOJLHOTO
ypaBHEHNd T'IIepOooJImIecKoro TUIa

Meron @ypbe npuMeHUM JJIsd UCCAeJ0BaHUsA OoJjiee OOIUX 3a/ad.

PaceMoTpum runepbomieckoe ypaBHeHne
At uy + C(x)uge + D(t)ur + E(x)u, + (F1(t) + Fo(z))u =0 (1.28)

¢ gocraTrouno rimajgkuMu Kosdpdunmenramu A, C, D, E, I, Fy, npudem
A(t) > ag > 0,C(x) < ¢y < 0, a ag u ¢y — PUKCUPOBAHHDBIE TTOCTO-
auuble. s ypaBuerns (1.28) moctaBuM CJIEIYIONIYIO 3a7ady: HANTH
JIBaxK Ikl HenlpepblBHO Jauddepentupyemoe nipu 0 < x < [, ¢t > 0 pemre-

HUE YPaBHEHU, YJIOBJIETBOPLIONIEe 'PAHUYHBIM YCJIOBUAM

(cvou + Bottr)|,—g = 0,
(aqu+ Brug)|,_; =0

1 Ha4daJIbHBIM YCJIOBUAM

(1.29)

ulig = o), uel g = Y(), (1.30)
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TIe o, a1, By, 1 — 3aJaHHbIe TOCTOSTHHBIE, ((x) n ¥ (x) — 3aTaHHbIE

dyHKIINN.

Touno Tak ke, KaK 1 JJid YpaBHeHHS KojieOaHUil CTPYHBI, CHadaJja

Haiijiem perieHnsi ypaHenus (1.28) Buja

u(z,t) = X(x)T(t), (1.31)

VIIOBJIETBOPSIIOIINE TpaHudHbIM yeaoBuam (1.29). B pesynabrare mor-

cranoBku (1.31) B ypaaenue (1.28) mostydum

AXT"+C(x) X" T+ D) XT' + E(x)X'T+ (Fi(t)+ Fy(x)) XT = 0.

n
A)T" D)1’  C)X"  E@)X' B
T + Fi(t) = — T T x + Fy(z) = =,

rge A — IIOCTOsSIHHAsl. DTHU PABEHCTBA MIPEJCTaBISIIOT COD0I OTIe/IbHbIE

ypaBHeHusd Juid X u jurd 1

Fi(t) = =\
+—F + Fi(1) :

T
C(x)X"  E(x)X’
X

- X + FQ(CE) = —>\.

Wi
C(x)X" — E(x) X"+ (Fy(z) + )X =0,
At)T" + D)T" + (Fi(t) + \)T = 0. (1.32)
[Togcrasus (1.31) B rpanudnbie yciaosus (1.29), moayduM TpaHud-

Hble yciaoBug Ha gyakimio X (x). Takum obpasom, [/id onpeieseHust

bysxipm X (z) mveem 3agaqay [ltypma — Jlnysuss
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C(x)X" — E(x) X"+ (Fy(x) + )X =0,
(X + BoX)],o = O, (1.33)
(X + B81X')|,_, =0,
pelB KOTOPYI0, HaiijgeM coOCTBeHHbIE 3HA4YeHUsi A, 1 COOCTBEHHbIE
bysxmym X, (z), n=1,2, ... .

[Ipu naitnennbix B 3amade (1.33) A, waitgem obmue pemtenns 15,(t)
ypaBuenuii (1.32), KoTopbie OYyIyT COJIEPKATDH JIBE TPYTIIHI TIPOU3BOJIb-
HBIX MOCTOAHHBIX A, u B,, n = 1,2,... . Ilpu stom yukuun u, =
X (2)T,,(t) npu sir0bom n u m06bix A, u B, yA0BIETBOPAIOT ypaBHe-

auio (1.28) u rpanuanbiv yeaoBusam (1.29). Pacemorpum ps

0

u(a,t) =Y X (2)T(t). (1.34)

n=1

[Ipejiiosaras, 9T0 9TOT PsJi U Psijibl, II0JIyU€HHbIE U3 HEI'O JBYXKPaT-
HbIM 1 depeHnnpoBaHieM 110 X U 110 , pABHOMEPHO CXOJSTCS, ITOM-
bepem A, u B,, Tak, 9T00BI BBITOJHAINCH Hada bHbe yeaopus (1.30).
[Topcrasiss naiinenusie A, u By, B (1.34), moydnm pernerne uexoaHoi

3aJIa4M.

IIpumep 1.
PemmTh cMmeranayo 3a1a9y g YpaBHEHUs TUIEPOOJIMIECKOr0 TH-

I1a:
p

Utt = Ugy — 4“7

N\

u‘xzo = O’ u‘x:l — 07

\ ul,_o=1*—x, wl,_,=0.
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DTa 3a1ada ABJIsieTCs OMHOPOIHOM. e perenue GyneM uckath B BHIE
u(z,t) = X(x)T'(t).

[lopcTaBuB Ty QYHKIINIO B UCXOJHOE YpaBHEHUE, IIOJIYIIM

T'H)X(x) = X"(x)T(t) — 4X (z)T(t).
[Togenus noceaee paserctso Ha X (x)T'(t) # 0, mMeem
T//(t) B X//(x)

i)  X(@)

[Toryammock paBeHCTBO, B KOTOPOM JieBasd YacThb €CTh (DYHKIINSA, 3aBU-

— 4.

cAlmad OT IIepeMeHHoit ¢, a mpaBas JacTb — OT IlepeMeHHOIl x. Papen-
CTBO BO3MOXKHO, €CJIA €ro IpaBad W JieBas YacTU PaBHBI OJIHON M TOWU
’Ke KoHCcTaHTe —\. [Ipniuem B IpaBoil 9acTu paBeHCTBA €CTh CllaraeMoe,
KOTOPO€e He 3aBUCHUT HU OT &, HU OT t. Ero pammoHaJbHee MepeHecTr B

JIEBYIO YaCTh, YTOOBI IIOJIYUYUTh ypaBHEHNE JJId PYHKINU X KAaK MOXKHO

R Y X'
m +4 = W = —\.

DT1 paBEHCTBA TPEJICTABJIIOT 00Tt OTe/IbHbIe ypaBHeHrst 11t X ()
u ggist T'(t):

T" + 4T
T

Nnn
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T+ (4 +MT =0.
V3 TpaHUYHBIX YCJIOBHH 331491 TMEeM
ul,—g = X(0)T(t) = 0,
ul,_, = X(1)T'(t) =0.
Orkyna (Tak xkak T'(t) # 0)

Urak, naa onpepesnenns pyaximn X (x) monyannn 3amady HItypma —
JImyBus.

X"+ AX =0,

X(0)=0, X(1)=0.

CobcTBeHHbIE 3HAYEHUS 9TOHN 3aa4n
A= ()%, n=1,2,...
M cooTBeTCTBYIOT COOCTBEHHBIE (DYHKITUI
Xp(x) =sinnrx, n=12 ...
[Ipu HaitmeHHbIX A, permum ypaphaerue jid pysxiun 1(t) :
T" + (4 + (7n)*)T,, = 0.

Ob11ee pemieHne 3TOro ypaBHEHUA

To(t) = A, cos /4 + (mn)2t + Bysin /4 + (7n)%t, n=1,2, ...

Paccmorpum psif

©¢)

u(x,t) = Z(An cos \/4 + (mn)?t + By sin /4 + (mn)?t) sinnrx.

n=1
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[Tpenmonaras, 9To 9TOT PAg U P, TOJIYUYEeHHbIE U3 HErO JBYXKpaT-
HbIM 1 depeHnnpoBaHieM 110 X 1 110 ¢, pAaBHOMEPHO CXOJSTCS, ITOM-
oepem A,, u B,, Tak, 4TOOBI BBITOJIHSLINCH HA9aIbHBIE YCIOBUS 33 1a9H:

0. @]
_ : 2
ul,_o = g A, sinnmr = 2° — x,

n=1

Ul = Z B,\/4 + (mn)?sinnrx = 0.
n=1

2

Paznoxxum dyskmuio 7 — x B psij Pypbe 110 cOOCTBEHHBIM (DYHKIIH-

am Xp(x) =sinmne,n=1,2, ...

0.9)
2 — = E Qp, SINNTX,
n=1

e 1
a, = / (2% — z) sin Tnadz.
OueBuIHO, 0
An = ay,
B,=0, n=1,2,...
Haiinem «, :

1
a, = 2/ (2% — 2) sin Tnadr =
0

u=2>—x,du=(2x — 1)dz,

dv = sinmnxdr, v = —% COS TNI
1 1
, 1 2
= —2(z* —x)—cosmnx| +— [ (2z —1)cosmnadr =
™ o Ty
9 [l

=— [ (2 —1)cosmnrdr =
™ Jo
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u=2x—1,du=2dz,
1

dv = cosnrdr,v = —sinTnr

1 1
2 . 4 .
— 2(2:5 — 1)sinmnx| — 5 sin mnxdr =
(7n) o (m)? J,
4 ! 4
= cosTnNT| = (=1)"—=1) =
(7n)3 o (mn)3
0, n =2k,
_(Wi)?ﬂ n:2]f—|—1, k:O71,27....
lTaxk,
4 0, n =2k,
n = an —_—

_ﬁj n:2k+17 k‘:(),l,Z,....

B,=0, n=1,2,...
[Tojcrasigs naitjentbie KodpduimenTsl B GyHKIUIO u(x, t), HoIydnm
peleHne NCXoTHON 3a/1a4n
u(z,t) = LR o N cos v/ ((2k + 1)272 + 4)t sin(2k + 1)7.
()3 — (2k + 1)3

o0

ITpumep 2.
PemuTh cMmermmanayro 3a1a9y jjid ypaBHEHUs T'UIIEPOOJTMIECKOro TH-

I1a:
p

Uyt — SUp = Uyy + 2u$7

7\

ul,_o=0, wul,_ =0,

— 5T o7 _
| Ul =€ "sindz, iy =0.
YpaBHeHue COJIEePKUT MJIa/IIINe [IPOU3BOIHBIE, OJIHAKO OHO OJHOPO/I-

HO. Fp&HI/IIIHbIG YCJIOBUA TaK>KE€ OAHOPOIHBI, IIOTOMY 3adava ABJIACTCA
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oxHopoanoit. Cormacuo Metony Pypbe pemnieHne OyaeM UCKAaTh B BUJIE
u(z,t) = X(x)T(t).
[lopcTaBuB 5Ty QYHKIINIO B UCXOJIHOE YpaBHEHUE, TOJIY UM
T'H)X(x) = 3T ()X (z) = X"(2)T(t) + 2X'(x)T(1).

[Togenus noceaee paserctso Ha X (x)T'(t) # 0, mMeem
T"(t) = 31'(t)  X"(z)+2X'(x)
T X(x)

[Toryummock paBeHCTBO, B KOTOPOM JieBasd JacThb €CTh (DYHKIIUS, 3aBU-

cAIIasl OT TepeMeHHol ¢, a MpaBad 9acTb — OT IepeMeHHo# x. PaBen-
CTBO BO3MOXKHO, €CJIN €r0 IIpaBas U JieBad YacTU PaBHBI OJHON U TON

JKe KOHCTaHTe —\ :
T"(t) — 3T"'(t) B X"(x)+2X ()

() X@

DT PaBEHCTBA [IPEJICTABIAIT CO00it OTIe/IbHbIE YpaBHeHust st X (T)

s T(t): S

T —A
X" 42X \
X — —/\.

N
X"4+2X"+ 20X =0,

T" —3T"+ \T = 0.
I3 rpaHUIHBIX YCJIOBHHI 330241 NMEEM
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ul, = X(m)T(t) = 0.

Orkyna (Tax xak T'(t) # 0)

Urak, s onpenenenus dyuknun X (x) mosyaniun 3agady [typma —
JImyBus:

X" +2X"+ AX =0,

X(0)=0, X(m)=0.
OTa 3aj1a9a 0oJjiee CJ0XKHAs, YeM B IIPEbIAYINEeM IIpuMepe. Y paBHeHNEe
COJIEPXKUT MJIAJIIIYIO TTPOM3BOAHYIO, U JIJIsT OIPeJIe/IeHnsT COOCTBEHHBIX
3HAUYEHUIT U cOOCTBEHHBIX (DYHKIMIT Mbl HE MOXKEM BOCIIOJIb30BATHCA
tabsmneii. Haligem craudajia obimee pemienue ypapHeHus. [ljst sToro

COCTaBUM XapaKTepI/ICTI/IquKoe ypaBHeHI/Ie:
k> +2k+X=0.

OTKyma

ko= —1£v1— X

I3 Teopum 3HaeM, UTO HEHYJIEBBIE PEITeHNsT paccMaTPUBAEMOl 3a1aTN
MOKHO TTOJIyYUTh TOJIBKO MPU KOMILJIEKCHBIX KOPHAX XapaKTepUCTHYe-

ckoro ypasuenud. [lostomy 1 — A < 0. Torna
kio=—-1xtvA—-1

Torma obiee perenHne ypaBHEHUsST UMeeT BT

X(x)=e*(Crcos VA — 1o+ Cysin vV — 1z).



24 2. OJIHOPOJIHAZ 3ATAYA JIJI5I HPOU3BOJIBHOI'O I'HIIEPBOJINYECKOI'O YPABHEHU A

[TomcTaBuB 3T0 00IIIEe peleHne B IepPBOE U3 T'PAHUYHBIX YCJIOBUIL, T10-
JIYYUM

X(0)=Cy =0,
YunThiBas MocjeaHee PaBeHCTBO, TOJACTaBUM 00Illee pelleHre BO BTO-

po€e 13 TPAHUIHBIX YCIOBHIA:
X(m)=e "Cysin VA — 1w = 0.

[Tocko/IbKY BCe COMHOXKHUTEIN, KPOMe TOCJIeTHET0, OTJNIHBI OT HYJId,

nMeeM

sinvVA—1m =0,
VA—1r=mn, n=12,...

OTKyza coOCTBEHHBIE 3HAUCHUST
2
Ap=n"+1n=12 ...

Bes orpannuenust obmaocTH, nosarasgs Cy = 1, mojiyduM coOCTBEHHBIE

dbyukmum 3agaum rypma — JIlnyBuiis:
Xp(x) =€ sinnz, n=12,...

)

[Ipu HalieHHBIX A, PEIIUM ypaBHeHUe Jjisd (PYyHKIIUN T(t):
T — 3T, + (n*+ 1)T,, = 0.
CocTaBUM XapaKTEePUCTHUYECKOE YPaBHEHNE
k* —3k+(n*+1)=0.

OTkya
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OueBUIHO, YTO NPHU N = 1 BBIparXkKeHNne, CTOosIIIee 101 3HAKOM paInKaJia,
Oosbie HYJI. B 9TOM ciiydae KOPHU XapaKTEePUCTHIECKOTO YpaBHEHNA

BE€IIECTBEHHDLI 1 PA3J/IMYHDbI:

3+1 3—1
]ﬁ:L:Q, ko = ——=1.
2 2

s n > 2 BoIpakeHne, CTodAIIIee 0/ 3HAKOM paJnKaJsia, MeHbIle HyJlsd,

d KOPHU XaPaKTEPUCTUIECKOI'O YPaBHECHUA ABJIAOTCA KOMIIJIEKCHBIMU:

3+i\/4(n2+1)—9

k12 = 5
Torma ob1ree peleHre UMeeT BU/I
npu n = 1
Ti(t) = Aje' + Bye”,
npu n > 2
T,(t) = e | A, cos VAR +1) - 9t + B, sin VAR D) - 9t

2

Paccmorpum psif

u(x,t) = (Ae + Bie*)e “sina +

SIN .

e 4n2+1)—9 4n2+1)—9
—i—e%t_fcz Ancos\/ (n ;_ ) t—i—anin\/ (n ;L ) t

n=2
[Tpearonarasi, 9To 9TOT Psg U Psibl, OJYYEHHbIE U3 HEIO JBYXKpaT-
HBIM 1 depeHnnpoBaHieM 110 £ 1 110 , pAaBHOMEPHO CXOJSTCS, ITOM-
oepem A,, u B,, Tak, 4TOOBI BBITOJIHSINCH HAYaIbHBIE YCIOBUS 38 1a9H.
13 mepBoro Ha4gaJIbHOTO YCJIOBUA HMEEM

(0. ¢]
ul,_g = (A1+ By)e "sinz+e " g Apsinnz = e “sinw.

n=2
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B nanHOM npuMmepe HET HeOOXOIMMOCTH PACKJIaIbIBaTh HaUYaIbHYI0 (DYHK-
1o B psa Pyphe, TaK Kak OHA, IBJIAETCA OQHOM 13 COOCTBEHHBIX PYHK-
it 3agaqn L rypma — Jlmysunng. [TpupasauBas KosddunmenTs! pn
OJNHAKOBBEIX X, = € ¥ sinnx, MoaydnM

npu n = 1:

A+ By =1,

npu n > 2:
A, =0.

13 BTOpOTO HaYaILHOTO YCJIOBUS, YIUTHIBas yrKe HaileHHble KOdpdu-

IIUEHTHl A,,, nMeeM

—T -z - \/4(n2+1)_9 .
Utl,—g = (A1 +2B;)e” “sinx + e ; B, 5 sinnx = 0.
OTKyIa
A1+ 2B; =0,
B,=0, n=23 ..

Takum obpasoMm, Bce Koapdunmentsl, kpome Ay u Bi, paBHBI HYIIIO.

st onpenesiennsa A1 u By uMeeM cucTeMy ypaBHEHMUI
A+ By =1,

A1+ 2B; =0,

OTkyna
A1 =2, By=-1.
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[Togcrapisia HaiinerHble KO3 uImeHTs B byHKINIO u(x,t), mosy-

UM PeIeHre UCXOIHOM 3a1a4u
u(z,t) = (2" — e*)e " sin .
Otser. u(z,t) = (2e! — e?!)e " sinz.

3. HeomgnopoaHas cMenianHas 3a4a4a JJjisg BOJIHOBOI'O
yPaBHEHHIs C HEOAHOPOAHOCTHIO B YPABHEHUN

PaccmorpuMm KoJsiebaHus OJHOPOIHON CTPYHBI JJIMHBL [, 3aKPeILIeH-
HOII Ha KOHIIAX, IOJ, JAefiCTBUeM BHeEITHe# cuibl f (ac, t), pacCYUTAHHOM
Ha eJUHUIY AJIUHBL. DTa 3ajada IPUBOAUT K PEIEeHNI0 HEOIHOPOITHOIO

ypaBHEHUA

Uy = a* gy + f(2,1) (1.35)

[IPpU I'PAHUYHBIX YCJIOBUAX
ul,_g =0, uf,, =0 (1.36)
1 HavaJIbHBIX YCJIOBUAX
ulizg = (@), wl_g=v(z). (1.37)

Pemenue Taxkoil 3a1a4n 6y,zLeM NCKaThb B BUJIE
o0
u(w,t) =Y T(t) X, (), (1.38)
1=1

rie X, (z) — cobcrBeHHbIE QYHKIMU BCIIOMOTATETBLHOM OHOPOHOM 3a-
naun, a T,,(t) — HeolpeeeHHbIE 0K PYHKIIUK, KOTOPbIE OLIPEee/M

Tak, 9T00b! hopmysta (1.38) maBasa pemienne 3amaqn (1.35) — (1.36) —
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(1.37). Paccmorpum BemoMoraTe/IbHYIO OHOPOIHYIO 3a/1aMy:
Ut = @ Uy,
u’;,;:() - O? u’x:l = 0.
Haitnem cobcTBeHHbIEe (DYHKIIMM COOTBETCTBYIOMIEH 33 1a4n
[Irypma — JInyBuiis:
Xp(z) =sin—,n=1,2,... . (1.39)

Torma ¢ yuerom (1.38) u (1.39) perrerne ncxoHON 3a1aun OymeM

NCKaTb B BHJIE

ZT sm@ (1.40)

Jlajiee OCHOBHasI UJIes METOJA COCTOUT B PA3JIOXKEHNH BHEITHEH CUIIbI
f(z,t) n HavaabHbIX QyHKIME @(z) 1 Y(r) B psijpl 1O TeM xKe cob-
crBeHHbIM QyHKIHAM X, () BCroMoraTeibHo# 0JHOPOIHOM 3ajaun. B

HallleM CJIy49a€ NMEEM

an sin@, (1.41)
Z ©n SN @, (1.42)
Z Yy, sin @, (1.43)

rIie
nmx
/ f(x,t)sin —dx,

nmwx

On = —/ o(x)sin ——dx,
L Jo l
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/w sin@d:c

[Topcrasus dyuknuu u(x,t) B Buge (1.40) u f(x,t) B Buge (1.41) B

ypasuenne (1.35), mosy M
f: (T"—i— (amr)QT) . nww _f:f (t)s nwr
,i:ln l nsml—lnsml.

CpaBauBasi K03 duineHTsl GYHKINOHAJIBHBIX PAJIOB, CTOAIINX CJIe-

Ba U CIIPABa B [OCJIeIHEM paBeHCTBE (KOI(DMOUITHEHTHI TP ONHAKOBBIX

nnx
sin “7), o1y 9uM 0ObIKHOBeHHbIe Aud depennuaibable ypaBHeH s JIls

byuxmmit T),(t)

2
T+ (@) Ty = fult)n=1,2, ... . (1.44)

Pemur obbikHOBeHHbBIE T depentuaibibe ypasuenus (1.44), vaiimem
T,(t)
T.(t)=T>Xt)+ T (t),n=1,2,...,

rae T°(t) — obuue pereHusi COOTBETCTBYOIINX OJHOPOHBIX YDaBHE-
auit, T, () — JacTHBIE pereHnst HeOTHOPOIHBIX YPaBHEHTI.
B mamewm ciydae

antt anmt
" + B, sin ;T

T = A, cos

Torna

antt antt
+ B,, sin

T,(t) = A, cos +T(t),n=1,2,..., (1.45)

rne A, nu B, — npoussoJibHbIe IOCTOsIHABIE. 191 ontpenenennsa A, u B,

Oy/ieM MCIoIb30BaTh HavdaabHbe yeaoBud (1.37). CHadaia nepenurirem
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permenne (1.40) ¢ yuaerom (1.45) B Buze

- t t
u(z,t) = Z (An COS an;r + B, sin leﬂ + T;(t)) sin nlﬂ (1.46)
i=1

[Togcrasum permenne (1.46) B naganbubie yeaosus (1.37). C yuaerom

(1.42) u (1.43) mosyum

nmTx nmTx

u\t:(]:Z(AnJrT;( sin— ngnsin—,

Ul = Z (CmTWBn + T;;(O)) sin@ = qu” sin

=1 =1

A, +T7(0)=pp,n=12, ..,

CmTWB LTHO) =, n = 1,2, .. .
N

Ay =n —TH0),n=1,2, ..,
l *
—— (= T3(0)) n=1,2,...

anm
T. e. Koadpduimentol A, n B, oupeeaeHs.

B, =

[TojicraBuB HaligeHHbIe BRIpaykeHrst B pa (1.46), mogyanm perrerme
nCxoaHoN 3agadn, ecan pan (1.46) mpu naitnenuwsix A, u B, pasho-
MEPHO CXOJUTCH, a TaKxKe PABHOMEPHO CXOIATCA PAJbI, HOJyUeHHbIE

13 Hero Io4jieHHbIM JinddepeHImpoBaHueM 110 £ 1 110 T JIBazK/Ibl.

SamMedyaHue. 3agady MOYKHO OBLJIO PENTUTh HECKOJIbKO nHade. [log-
craBuTh psan (1.40) we TosbkO B ypasuenue (1.35), HO U B HaYaTbHbIE
yeaioust (1.37). Otkyma ¢ momoribio (1.42) u (1.43) mosryaurh HadTa/Ib-

Hble yeosust mis Gyukuuit T,(t). Torma mst yukiwmii T,,(f) mosyamm
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3a/la4dn I<OHII/I7 peninB KOTOPHLIE, CPpa3y OIIpE€ac/JINM ITPOU3BOJILHBIE I10-

cTostHHBIE, BXOmdMme B (hopmyiy (1.45).

IMTpumep 1 (mpumep BbIMOTHEHUS 3a4a4u 15)

Haiitu pemenue ypapaenust
Uy = %um + 24 cos bt sin 3z (1.47)
[IPU TPAHUYHBIX YCJIOBUAX
ul, g =0, ul,_, =0, (1.45)
1 HAYAJIBHBIX YCIOBUAX
ul,_g =0, ut|,_g = 0. (1.49)

3ajiava HEOJIHOPOAHAsA C HEOJHOPOIHOCTHIO B YpaBHEHHUH, IIO3TOMY

pelleHue uileM B BUJE

0

u(a,t) =Y T(t) X, (), (1.50)

i=1
rie X, (z) — cobcrBeHHbIe PYHKIMU BCIIOMOTIATEIbHOM OJJHOPOHOM 3a-
TTauN.
1. Pemraem BcrmoMoraTeIbHYIO OJHOPOIHYIO 3819y JJIsI HAXO0XKIeHIIA

COOCTBEHHBIX 3HAUEHMI ¥ COOCTBEHHBIX (DYHKITHIL:

1
Uit = ZUgy,

9

u’x:O - 07 u’x:ﬂ' = 0.

Bocnop3yemcd maHHbIME, IIpeJIcTaB/JIeHHbIMI B Tabmie 1. Y Hac

a = %,l = 7. CobcTBeHHBIE (DYHKIINNA COOTBETCTBYIOIIEH 3a1a1un
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[HIrypma — JInyBuiasa ajis 9Toi 3aJa9W TMEIOT BUT

. nwr
Xp(x) = sin—— = sinnz, n = 1,2,....

2. Ilepexomum k permenuio ocuoBHO# 3amatdn (1.47) — (1.48) — (1.49).

Ee pemenne Oynem ucKaTb B BUJIE
u(z,t) =Y T,(t)sinna. (1.51)
=1

[Togcrasum (1.51) B ypasuenne (1.47)

> 2
Z <T/l/ + (g) Tn> sin nx = 24 cos 5t sin 3.

i=1
CpapHuBasi K03(PUITMEHTHI TPU OAUHAKOBBIX SiN NI, MOJIYUNM

nmpu n = 3:
3\ 2
Ty + (g) T5 = 24 cos bt.
Nm
Ty + Ty = 24 cos 5t.

[lpu n € N,n # 3:
n

2
T + (§> T, =0.

[TopcraBus pasn (1.51) B yesosus (1.49), mosry <M

Ul,_g = Z T,(0)sinnx = 0,
i=1

Utlyg = ZTA(O) sinnz = 0.
i=1

Orkyza
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T(0)=0n=1,2,...
Nrak, momyuman aBe 3amadn Kormm:
( T3 + T5 = 24 cos 5t,
4 15(0) =0,
| 75(0) = 0;

( T;L/ -+ (%)QTTL — 07
T,(0) =0,
| T1(0) = 0,n=1,2,4,....

Bropad 3aj1ada nMeeT TOJBKO TPUBUAJIBHOE PEIIeHne, TaK Kak

7\

T, = 0 — oueBugHOE perleHMe 3TOi 3ajaum, a 3ajJada Komm, Kak
M3BECTHO, UMEET €IMHCTBEHHOE PEIIeHHe.
Haiimem T5(%):
Ty(t) = T(t) + T3 (1)
e T5°(t) — obrmee permenne COOTBETCTBYIOMIETO OTHOPOIHOTO YpaBHe-
Hust, T4 (1) — 9acTHOE pereHre HeOJHOPOIHOTO YPABHEHS.

PermmM cooTBeTcTByIOIIEe 0JHOPOSHOE YPABHEHNUE:
Té/ + 15 =0.

OT0 JuHeliHOe 0OBbIKHOBeHHOe Aud pepeHaJ bHoe ypaBHeHe BTOPOIO
IOPsAJIKA ¢ MTOCTOAHHBIMU Kodddunmentamu. CocTaBuM XapaKTepuCTU-

JECKOE€ YpaBHEHUE

N 4+1=0.
OHO NMeET MHUUMBIE KOpHI/I

)\1’2 = 4q.
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[TosTomy

T5°(t) = Agcost + Bssint,

rine Az u B3 — Mpon3BOJIbHBIE TTOCTOSTHHBIE.
Yactroe permenne T5(t) HEOTHOPOJHOTO ypaBHEHUS OyJeM HUCKATh

METOJIOM HeollpeaeeHHbIX KoaddumuenTon. [1ycrb
T5(t) = acos 5t + bsin bt.

s onpenenerns: KoM UINEHTOB a 1 b mojacTaBuM 5Ty (DYHKINIO B
ypaBHeHUE U CpaBHUM KO3PUIEHTHI Ipu cos Ot 1 Sin St B IpaBoil u

JIEBOW 4aCTAX MOJIYYEHHOT'O PABEHCTBA!

115 = acosdt + bsin t,
0| (T%)" = —basin bt + bb cos bt,
1| (T3)" = —25a cos 5t — 25bsin 5t.

3/1echb CJIeBa paccTaB/ieHbl KOA(PMUIMEHTHI, Ha KOTOPbIE COOTBETCTBY-

FOIIIE [IPOU3BOHBIE YMHOXKAKOTC B ypapHeHuu. Vveem
cos bt(a — 2ba) + sin 5t(b — 25b) = 24 cos 5t.

OTKy1a
—24a =24,a = —1,

—4h = 0,b = 0.
Takum 06pazoM, 4acTHOE PelIeHNe
T3 = —cos bt
1 obIee pelleHne HeoHOPOIHOrO yPaBHEeHU

T5(t) = Agcost + Bssint — cos bt.
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Omnpenennm As n B3 Tak, 9T00bI BBITOIHSINCH YCJIOBUS 3ma4n Komn:
Ty(0) = A3 — 1 =0,

T3(0) = B3 = 0.
OTkyna
A3 =1,B;=0.
Torna
T5(t) = cost — cos bt,

T,=0,n€ N,n # 3.

[Topcrapas naitnernsie 1), B pererne (1.51), mosrydnm pereHue uc-

XOJTHOM 3aJ1a41

u(z,t) = (cost — cos 5t) sin 3.
Jlasee fesiaeM MPOBEPKY MOJTYI€HHOTO OTBETA.
OtBer. u(x,t) = (cost — cos bt) sin 3z.

[Tpumep 2 (mpumep BbINOJHEeHUs 3aa49u 15).

Haiitu perenve ypaBHeHUs

1
Uy = 7ot + 2e ' sin 4z (1.52)

IIpN I'PaHUYHBIX YCJIOBUAX
N HavaJIbHBIX YCJIOBUAX

ul,_g =0, wl,_,=0. (1.54)
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3ajiava HEOIHOPOAHAs C HEOTHOPOIHOCTHIO B YpaBHEHWH, MO3TOMY

pelleHne nieM B BUJIE
(0. 9]

u(w,t) =Y T(t)X,(z), (1.55)
i=1
rie X, (z) — cobcrBeHHbIE QYHKIMU BCIIOMOTATeIbHOM OHOPOHOMN 3a-
JTaY.

1. Pemaem BcmomMoraTeIbHYIO OZHOPOMHYIO 33189y M/ HAXOXKIEHUS

cOOCTBEHHBIX 3HAYEHWH 1 COOCTBEHHBIX (PYHKITHIL:

1
Ut = 1_6Uxx7

ul,_o=0,ul,__ =0.
Bocrosbsyemesa JaHHBIME, IPeACTaBICHHBIMU B Tabsune 1. Y Hac
a = 1,1 = . Cobereennbre (yHKIIM cooTBeTCTBYOmE! 3a1a1m [HITyp-

Ma — JInyBummIg Ay 9Toit 3agaun UMEIOT B

. nmx .
X,(x) = sin—— = sinnz, n = 1,2,....

2. Tlepexomnm k permennio ocuoBHO# 3amatn (1.52) — (1.53) — (1.54).

Ee pemenne Oynem UCKaTb B BUJIE
oo
u(w,t) =Y T,(t)sinna. (1.56)
i=1

[Togcrasum (1.56) B ypasuenne (1.52)

> 2
Z (Té’ + (%) Tn> sinna = 2e”" sin 4a.
i=1

CpaBHuBasi K03PUITUEHTHI TPU OAUHAKOBBIX SIN NI, MOJIYUUM

npun =4 :
A\ 2
Ti/ + <E) T4 = 2€_t.
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Nn
Ti/ + T4 = 26_t.

[Ipun € N,n # 4:

2
T + (%) T, =0.

[Togcrasus psiz (1.56) B yemosus (1.54), mosy M

Ul,g = Z T,(0)sinnx = 0,
i=1

Ut|yg = ZTA(O) sinnx = 0.
i=1

Orkyna

Mrak, nonyumin aBe 3agadu Kommn:
( T, + T, =2,
 1u(0) =0,
\ T:(0)=0

( T,g/—i— (%)2Tn:Oa
Tn(O) =0,
| T1(0) = 0,n=1,2,3,5,... .

7\

Bropas 3amada nMeeT TOJIbKO TPUBUAJIBHOE PEIIeHne, TaK Kak
T, = 0 — oueBWJHOE pelleHUE dTON 3aja4un, a 3ajada Komm, Kak

N3BECTHO, UMEET €IMHCTBCHHOEC PECIICHNE.
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Haitgem Ty(t):
Tu(t) = Ty°(t) + Ti (1),

rie T7°(t) — obimee pereHre COOTBETCTBYIOIIETO OHOPOIHOTO ypaBHe-

aust, T (t) — JacTHOe pereHne HeoJHOPOHOTO YPaBHEHHS.

PermmuM cooTBeTCTBYyIOIIEE OIHOPOIHOE YpaBHEHNE:
T, +T,=0.

OT0 JuHeliHoe 0OBbIKHOBeHHOe Aud pepeHma bHoe ypaBHeHe BTOPOIO
IOPsAJIKA ¢ OCTOAHHBIMU Kodddunmentamu. CocTaBuM XapaKTepUCTU-

J9E€CKOE€ YpaBHEHUE

N +1=0.

Ono mMeeT MHUMBIE KOPpHHA

[TosTomy

TY°(t) = Ajcost + Bysint,

rine Ay 1 By — Ipou3BOJIbHBIE TIOCTOSHHBIE.

Yactroe permenne T (t) HEOTHOPOMHOTO ypaBHEHUS OyJeM HMCKATh

METOJ0M HeollpeaeeHHbIX KoaddunnenTon. [1ycrn
* . —t
T;(t) = ae".

s onpenenenns KodddunueHTa @ I0ACTABUM 3Ty (DYHKIINIO B ypaB-

t

HEHNEe W CPaBHUM KO3(PDUIMEHTH IPU € ' B IPaBOil W JIEBOI YacTIX
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TTOJTyIEHHOTO PABEHCTBA!
1| Tf =ae™,

0| (T7) = —ac
L(T}) = ae™".

3/1eCchb CJieBa paccTaB/ieHbl KO OUIMEHTHI, Ha KOTOPbIE COOTBETCTBY-

omye 1mpon3BoAHbIE YMHOZKAOTCA B YPaBHEHUNN. Nnmeem
e '(a+a)=2e".

Orkya

1 001Iee pelleHne HeoJHOPOAHOTIO yPaBHeHNs
Ty(t) = Aycost + Bysint +e "

Ompenennm Ay n By Tak, 9T00bI BBIIOJIHAINCH YCI0BUS 3ama4n Ko-

TTTH:
T,(0) = Ay + 1 =0,
T,00) =By —1=0.
Orkyna
Ay=—-1,By=1.
Torna

Ty(t) = —cost +sint +e ',
T,=0,n€ N,n # 4.
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[Toncrapias naitnennsie 1), B pertterne (1.56), OIydnM perreHme uc-

XOJIHOM 3a/1a4n
u(z,t) = (—cost +sint + e ) sindz.
Jlasee fesiaeM MPOBEPKY MOy I€HHOTO OTBETA.

OTBer. u(x,t) = (—cost + sint + e ') sin4x.

ITpumep 3.

Haittu perenne ypaBHEHNs

Uy = 4y, + 3t (1.57)
DU TPAHUYHBIX YCJIOBUSIX
Ug| g =0, Ug|,_o =0, (1.58)
Y HAYAJILHBIX YCIOBUAX
ul,_g = cosmx, utl,_, = 0. (1.59)

3ajilada HEOJHOPOAHAA C HEOJHOPOIHOCTBIO B YpaBHEHHUH, IIO3TOMY

peleHne nIieM B BUJIE

0

u(w,t) =Y To(t) X, (), (1.60)

i=1
riae X, (x) — cobcTBerHbIe (DYHKIMN BCIIOMOTATETBHO OTHOPOIHOM 3a-
JIAYN.
1. Perraem BerioMoraTe/ibHYIO OJHOPOIHYIO 3a4a4dy /I HaXOXK IeHUsT

COOCTBEHHBIX 3HAUEHMI M COOCTBEHHBIX (DYHKITHIL:

Uyt = 4y,
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ux‘:z::O - O’ uﬂ?‘x:Z = 0.

Bocmoip3yemcd maHHBIME, TTPEJCTaBJICHHBIMI B TabauIe 1.
Y Hac a = 2,1 = 2. CobcTBeHHble (DYHKIMU COOTBETCTBYIOIIEH 331841

Irypma — JInyBuiag Ay 9Tol 337891 UMEIOT BHT

X, (x) = cos ?,n =0,1,2,....

B namnom ciydae A = 0 gBisgercs cOOCTBEHHBIM 3HAYEHUEM 3aadu
[MItypma — JInysumna, Xy = 1.
2. [Tepexomum K pertrernio ocHOBHOM 3amadn (1.57) — (1.58) — (1.59).

Eq perenne OyjieM UCKaTh B BUJIE
u(zx,t) = ZTn(t) cos ——. (1.61)

[Topcrasum (1.61) B ypasuerue (1.57)

°© 2
Z (T" +4 (n27r> Tn> COS % = 3t.

1=1

nmwx

Cpapanbag Ko3(P(UIMEHTHI IPU OJUMHAKOBBIX COS 5+, MOJIyYUM DU

n = 0:
Té’ = 3t;

mpu n € N,n # 0:

T" + (n7)*T,, = 0.

[Topcraus psan (1.61) B yesmosus (1.59), mosry <M

nwx
Uy = g T ( cos——coswx
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nwax
/ —_—
Ul = E T ( cos——O

OTKyza, cpaBHUBas KoacbchL[HeHTbI [IPU OJINHAKOBBIX COS “5%

2

T,0)=0,n=0,1,3, ...,
T/(0)=0,n=0,1,2,.....
Mrak, monyunian Tpu 3aaa4un Komn:
(T =31,
q Tp(0) = (1.62)
| Tp(0) = 0.

([ Ty +47°T, = 0,
§ T5(0) =1, (1.63)
| 73(0) = 0.

(7Z+MﬂW}:Q
T,.(0) = 0, (1.64)
| T(0) = 0,0 =1,3,4, ...

Bamada (1.64) umeeT TOJBKO TPUBHAJIBHOE DEIIEHNE, TaK KaK

7\

T, = 0 — oueBWJHOE pelleHME STON 3aja4un, a 3ajada Komm, Kak
MN3BECTHO, UMEEeT €TMHCTBEHHOE peIleHNe.

Permum 3agaay (1.62) u maiigem Ty(t). OOrmee pernienune ypaBHEHNUS

3

t
To(t) = 5 + Aot + Bo.

I3 Haga/IbHBIX YCJIOBUI MMeeM

To(0) = By =0,
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, 3t?
2 t=0
Taxk,
t3

Permum 3amaay (1.64) u maiimem Th(t). Haitgem obmiee perrerme yin-
HEHTHOI'0 OJIHOPOJIHOI0 OOBIKHOBEHHOIO JnddepeHna bHOro ypaBHe-
HIsI BTOPOTO TOPSAJKA C MOCTOAHHBIME Kodddunmerntamu. CocTaBuM

XapaKTepucTn4deckoe ypaBHeHue

N+ =0,
OHO nMeeT MHHUMbIE KOPHU

)\1,2 = +m.

[TosTomy

T5(t) = Ay cos it + By sin 7t

rne Ao u By — npousBosbHble mocTosgaEBIe. Onpeneaum Ay u By Tax,

ITOOBI BBITOHATNACH yeaoBus 3nadn Kommu (1.63):

T5(0) = Ay =1,
2/(0) = 7TB2 =0
Orkyza
A2 = 1, BQ =
Torna

T5(t) = cost.
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[Toncrasnas waiigentnsie 1, B pemtenue (1.61), yunTbiBasi, 4T0 BCe

T, = 0, kpome Ty u 15, moayInM pelreHne UCXOTHON 3a adn
t3
u(x,t) =ToXo+ 1o Xy = 5 T cos Tt cos T

aJtee neaeM TPOBEPKY MOJIYIEHHOTO OTBETA.

3
Otrser. u(z,t) = 5 + cosmt cos ma.

4. HeoagnopoaHas cMeliaHHad 3a71a4a JJisd BOJIHOBOT'O
yYPaBHEHNdA C HEOJHOPOAHOCTHIO B TPAHUYHBIX YCJIOBAAX

Paccmorpum cBobogHbIE KOJIeDAHUST OJHOPOIHON CTPYHBI JJIMHBI [,
KOHITbI KOTOPOH JBMXKYTCS II0 OIIPeJIeJIEHHBIM 3aKOHaM. JTa 3ajJa4a

[MPUBOANWT K PEIIECHNIO YPaBHEHUA

U = 07ty (1.65)
IIpU I'PaHUYIHbBIX YCJIOBUAX
ul g = m(t), ul,y = pa(t) (1.66)
1 HavaJIbHBIX YCJIOBUAX
ulig = (), utl g = Y(). (1.67)

Pemnrs Takyio 3agady cpasy mMerogoM Oypbe Mbl HE MOXKEM, T.K. He
CMOYKeM BBITINCATDL YCJIOBHUS 74 3agaqan [typma — JInysumasa. [TosTo-
My CHadaJja mojbepeM QYHKINO v(x,t), YAOBIETBOPSIONIYIO TPAHITY-
HbiM yerousaM (1.66). Ecim oba yerosug (1.66) saBisioTcs yeaoBusaMn

IIEPBOT'O POJa, TO 9Ty (DYHKIUIO MOXKHO B34Th B BHUJIE

v(z,t) = pu(t) + %(M(t) — p1(t)).
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Ecin xors 661 onmo u3 yenosuit (1.66) gBisieTcss ycaoBreM BTOPO-
TO0 WJIH TPEThEro pojia, TO (QPYHKIMIO U MOXKHO MOJ00pPATH OJHUM W3
CJIEJIYIOIINX CIIOCODOB:

1). v(z,t) = (aqx+ L) (t)+(ex+F2) ua(t), noe o, 5; — KOHCTAHTHL,
KOTOPBIE OIPEJEISAIOTCA TaK, 4T00bl QYHKIMA v(X, 1) yIOBIETBOPSLIA
ycsoBusaMm (1.66);

2). v(z,t) = (@ + B1x + Y1) pi(t) + (ax? + Box + o) ua(t), rie
«;, Bi, ;i — KOHCTAQHTBI, KOTOPBIE OMPEIEIAIOTCS TaK, ITOOBI (DYHKITHST
v(x,t) ynosaerBopsiia yciaosusiv (1.66)

3). v(x,t) = A(t)z* + B(t)x + C(t) tne A(t), B(t), C(t) — bynxuuu,
3aBUCSIIIE OT T, KOTOPBIE ONMPEIEJISTIOTCsT Tak, 9100kl (byHKIWMsT v (T, t)
yoBJsieTBoOpsiyia ycaoBusim (1.66).

[TongrHO, 9TO (DYHKITNIO ¥ MOYKHO HAWTHU HE eIMHCTBEHHBIM 00PA30M.

Hanee permenne 3aaun OyneM UCKATh B BUJIE CYMMBI JIBYX (DYHKITHIT
u(z,t) =v(x,t) +wx,t), (1.68)

rae v — (DYHKIWs, YAOBIETBOPSIOIIAs I'PAHIIHBIM ycaoBusiM (1.66),
W — HOBas HeW3BeCTHasd PYHKIIIA.

[Topcrasngs (1.68) B ucxommyio 3amady (1.65) — (1.66) — (1.67), mo-
JIYIUM 33J1a19y 114 PYHKIUKT W, KOTOpad «JIydIles UCXOIHON TeM, 9To

IPaHUYHbIE YCJIOBUA B HEil MOJIy4YaTCd OJHOPOIHBIMU:

2 p
Wit = Q@ Wyy — Vgt — A Vg, (1.69)

'paHUYIHBIC YCJIOBUA

w|,_o=0,w|,_, =0 (1.70)
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1M HaYaJIbHBbIE YCJIOBHA

Wy = o(x) = vl wil;og = V(@) — Vel - (1.71)
[Tonyuennas 3amada MOXKeT OBITH OJHOPOIHO WM HEOJTHOPOHOM ¢
HEOJIHOPOHOCTBIO B ypaBHeHuu. Perenne Takux TUIOB 3ajad ObLIO
PACCMOTPEHO B TPEBIIYIINX maparpadax.
Permus zamaqy (1.69) — (1.70) — (1.71), maiigem dyukimo w(x,t) u

3allUIeM pereHre NCXOAHoM 3aaaqn 1o dhopmyste (1.68).

5. Heomnopoanaga cmemaHHad 3a/Ja4a AJid BOJTHOBOI'O
yPaBHEHNdA C HEOJJHOPOAHOCTHIO B YPABHEHUN
1 B TPAHUYHBIX yCJIOBUAX

3ajiada 0 KojaebaHUAX OJHOPOIHON CTPYHBI JJIMHBLI [ 1OJ AeficTBU-
eM BHeIIHeil BO3MYIIAIoIIeil CUJIbl IIPU YCIOBUM, YTO KOHIIBI CTPYHBI
JIBUYKYTCSI TI0 OTIPEJIEJIEHHBIM 3aKOHaM, IPUBOIUT K PEITeHN0 HEeOTHO-

pPOAHOIO YpaBHEHNA C HEOJHOPOJAHBIMU I'PaHWUYIHBIMW YCJIOBUAMMU:

Uy = Uz + [, 1), (1.72)
I'PpaHNYHbIE YCJIOBUA
ul,_g = pa(t), ul,y = pa(t), (1.73)
1 Ha4daJIbHbIE YCJIOBUA
uli_g = (), utl,_g = Y(). (1.74)

Yro0bI penuTh TaKyoo 3a1a4y, He0OX0IUMO:
1) cHATH HEOMHOPOJHOCTH T'PAHWYHBIX ycsosuit (1.73), T. e. momo-

opath byHKIWMIO (T, 1), YAOBIETBOPSIONIYIO STUM YCIOBUSIM;
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2) pelenne NCXOMHON 3a/1aui UCKATh B BUJIE
u(z,t) =v(x,t) +w(x,t), (1.75)

e v(x, t) — PYHKIWS, YI0BIETBOPSIONAs TPAHITIHBIM yeaoBuam (1.73),
w(x,t) — HOBasi HensBecTHas PYHKIIU;

3) moxctaBuTh (1.75) B mexomuyto 3amady (1.72) — (1.73) — (1.74)
W TIOJIyYNTh 3379y JJist GYHKINA w(x,t), PemuB KOTOPYIO, CMOYKEM

3alliCaTb OKOHYATE/JIbHOE PEIICHUE.

ITpumep (IpuMep BBITIOJIHEHUS 3ada4qu 14).

Haiitu perienne ypaBHeHNs

Uy = dUyy (1.76)
IIPU I'PAHNYHBIX YCJIOBUIX
ul,cg=1,ul,_4 =9 (1.77)
1 Hada/IbHbIX YCIIOBUAX
ul,_g = 1422+ 24sinmx, w,_, = 0. (1.78)

3aj1ata HeoJHOPOAHAS C HEOAHOPOMHOCTHIO B TPAHIYIHBIX YCJIOBHUAX.
[TosTomy

1. [Tonbepem dbynkmnuio v(x, t), yI0BIETBOPSIONLY IO IPAHTTHBIM YCJI0-
pisim (1.77). Tak kax oba u3 ycioBuit (1.77) GBAAIOTCS YCTOBUSIMU TIEP-

BOTO pojia, TO 3Ty (PYHKIIMIO MOYKHO B3ATh B BUJIE
T
v(x,t) = 1+Z(9_ 1) =1+ 2.
2. Pemenne nexomuoit 3a1a49m NCKaTh B BAJE

u(z,t) =14 2z + w(x, t), (1.79)



48 5. HEO/IHOPO/IHOCTh B YPABHEHUW U B TPAHUYHBIX YCJ/IOBUAX

riae w(x,t) — HOBast HEM3BECTHAsT (DYHKITHA.
3. [Mogcrasum (1.79) B ucxognyio 3agady (1.76) — (1.77) — (1.78) u
MOJIydnM 3aady st GyHKImn w(x,t).
W3 ypasuenns (1.76) nmeem
Wy = AWy,

W3 rpannanbix yesaosuit (1.77)

ulpmg = I+ 20 +w)|,g =1+ wl,o =1,

ul,_y=1+22+w)|,_,=9+w|,_, =9

nMeeM

w‘x:() - 07 w‘x:él = 0.

M3 HagaababIxX yesaosuit (1.78) mosyanm HadaIbHbIE YCIOBHS Jjist (DY HK-

U Ww:

ul,_g=1+2v+w|,_,=1+2z+ 24sinnz,
Uty = (1420 + w)i|,g = wif;_g = 0.

OTKya

W,y = 24sinmx, w,_, = 0.
Nrak, mag dysaknny w(x, t) ToJIyInn CIepyoIyo 3a1ady

Wy = 4wa:xa (180)

wl,_q=0, w|,_,=0, (1.81)
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W,y = 24sinmx, w,_, = 0. (1.82)

OTa 3aJa49a OJHOPOIHA, ITOITOMY pertaeM ee MeTonoM Dypbe.

1. Permenne 6yem nckaTh B Buje
w(z,t) = X(x)T(t). (1.83)
[Topcrasmsa (1.83) B (1.80), mostyaaem
X(2)T"(t) = 4X"(x)T'(t).

Pasnenus obe uactu mocsegnero paserctsa Ha 4X (2)7T(t) # 0 nmeem
T// X//
AT~ X

2. Ucnonsys yemosua (1.81), npuxoqum K 3agaqe [rypma — Jlu-

—\, (1.84)

YBUJLIA (MOXKHO HCIIOJIB30BATD JaHHbIe Tabauipl. Y HAC @ = 2,[ = 4):

X"+ AX =0,
X(0)=0,X(4)=0;

™\ 2
Anz(—> m=1,2 ..
1 n

Xn:sinzﬂ,nzl,l... |

3. N3 pasenctra (1.84) moayunM ypaBHEHUE

y A

Ero perenne

t t
T.(t) = A, cos % + B, sin %,

rine A, n B, - Tpou3BoJIbHBIE TTOCTOSTHHEIE.
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4. Takum obpasom, pemenne ypasuerus (1.80), ymosieTBopsioriee

rpaHuIHbIM yesaoBugM (1.81), mpumer Bu

. t t
w(x,t) = Z (A COS% + B, sin %) sin %x (1.85)

n=1

Onpegennm koabdurmentor A, u B,,, ucnonbsys ycaosus (1.82):

. NTT
Wy = g Ansm——24sm7rx

- nwx
Wi,y = B sin — = 0.
2 4
n=1
CpapanBaeM KO3 QUIMEHTE IPH OJUHAKOBBIX Sin “7*. VI3 Broporo
paBeHCTBa cjeayeT, 9To Bce B, =0,n=1,2,... . CpaBHI/IBaH K0P pu-

IIIEHTHI IEPBOI'O PABEHCTBA, NMEEM
apu n =4: Ay = 24,
mpun #*4. A,=0n=1,2,35,....

[Togcrasum naiigernbie Koaddunnents B permenne (1.85), mosy M
w(z,t) = 24 cos 2wt sin .
Banuinem perienne UCXOMHON 3a1a49u, UCoib3ys dhopmyty (1.79):
u(z,t) =1+ 2x + 24 cos 2nt sin 7.

OueBu/tHO, HaliieHHAST (DYHKIUA yA0BIeTBOpsieT ycaoBusim (1.81), (1.82)
3aja4uu. Herpynno nmpoeeputs, 94T0 OHA yIOBJIETBOPSAET TAKXKE U YPaB-
rernio (1.80).

OtBer. u(z,t) = 1 + 2z + 24 cos 2nt sin ma.



6. UH/IMBU/IYAJIbHBIE 3A/TAHUS K TI'JIABE 1

o1

6. MuauBmayaJibHble 3aJlaHud K rjaBe 1

Saga4da 11

HafiTu pemenne cMmemnanHoi 3a1a4u:

11.1.

11.2.

11.3.

11.4.

11.5.

11.6.

U = 81%3@,
u’xzo - 07 u’xzf) — 07

ul,_y = sinmx, w|,_, = 187 sin 27z,

U = 64%95,
u’xzo — 07 u’sz - 07

ul,_g = 2sinme, u|,_, = 8rsin .

Uy = 49Uy,

u|x:0 - 07 U”x:é} - 07

ul,_g = 3sin2mwx, w,_, = 217 sin 3.

U = 361&:};:57

ul,_y=0,ul,_s =0,

ul,_o = 4sin 2wz, w|,_, = 127 sin 27z.

Uy = 25ux937

ul,_y=0,u|,_3=0,

ul,_y = Hsin3mx, w|,_, = 207w sin4rz.

Uy = 16%:3:7

u’x:O — 07 u’lel = 07

ul,_y = 6sin3mx, w,_, = 127w sin 3rz.
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11.7.

11.8.

11.9.

11.10.

11.11.

11.12.

11.13.

U = 9ux1‘7
u’:c:() — 07 u’x:Q — 07

ul,_y = Tsindmx, u,_, = 157 sindHrz.

Ut = 4Uyy,
ul,_o=0,ul,_3=0,

ul,_y = 8sindnx, wy|,_, = 8wsindnz.

Utt = Uy,
u|x:0 - 07 U”x:l — 07

ul,_g = 9sindrx, uyl,_, = 67 sin 6m.

Utt = Ugy,
ul,_o=0,ul,_3 =0,

ul,_y = 10sindbmex, w|,_, = dHrsindra.

U = Uy,
u‘;p:() - 07 u‘xZQ - 07

ul,_q = 6sin 67z, u,_, = 67 sin 3m.

U = 25“:51:7
ul,_o=0,ul,_, =0,

ul,_y = 3sinTmwx, w,_, = wsinwx.

Uy = 16Uy,
u‘x:o — 07 u‘ng - 07

ul,_g = 4sin 3wz, w,_, = 127 sin 67z.
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11.14.

11.15.

11.16.

11.17.

11.18.

11.19.

11.20.

U = 9U:L‘x7
ul,_o=0,ul,_, =0,

ul,_, = ldsinmx, w|,_, = 97 sin 3rz.

U = 121um,
ul,_o=0,ul,_, =0,

ul,_y = 2sinmwx, uy|,_, = 37 sin 8.

Uy = 4y,
U‘g;:o =0, u\x:8 =0,

Ul,_y = Sin 3w, us|,_q = 127 sin 67z

Uy = 30Uy,
u‘x:() - 07 u‘xz6 - 07

Ul,_y = sin 3wz, u|,_, = 157 sin 8.

Uy = Slugy,
u‘;p:() - 07 u‘le - 07

ul,_g = 9sin 3wz, w,_, = 97 sin Ima.

U = 9Um,
ul,_o=0,ul,_s =0,

ul,_y = 9sin 5w, wy|,_, = 67 sin 67z.

Uy = 16U,
u‘x:o — 07 u‘ng - 07

ul,_y = sin3ww, u|,_, = 147 sin 2.
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U = 2DUgy,
11.21. U\FO =0, u\$:4 =0,

ul,_y = 10sin 27, wy|,_, = 27 sin 27z.

Uy = 8luy,,
11.22. U‘x:o =0, u\xz4 =0,

ul,_y = 5sin3mx, w,_, = 7sin 27z.

Uy = 4y,
11.23. u‘x:O =0, u|$:1 =0,

ul,_g = 9sinTrx, wy,_, = 187 sindnz.

Uy = 16Uy,
11.24. u\xzo =0, u\ng =0,

Ul,_g = sinmx, w|,_, = 127 sin 2mx.

Uy = 30Uy,
11.25. “‘xzo =0, u\le =0,

ul,_y = 9sin3mx, wy,_, = 4wsin .

Saga4ga 12.

HaiiTu pemenne cMmeranHoi 3a,1a4n:
Ut = gy,

12.1. Um‘xzo =0, ux\$:3 = 0,

ul,_y = 3cosdmx, ul,_, = 0.

U = 106Uy,
12.2. uiB‘sz = ()7 u$‘x:5 — O7

ul,_g =0, uy|,_y = 2 cos dma.
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12.3.

12.4.

12.5.

12.6.

12.7.

12.8.

12.9.

Upp = 20Uy,

ul,_y = 5cos3mx, ul,_, = 0.

Uy = 30Uy,
Ug|,—g =0, Up|,_s =0,

ul,_g =0, uy|,_y = 8cos2ma.

Ut = lUyy,

ul,_g = 34 cos2mx, uy|,_, = 0.

Ut = Ugy,

ul,_g =0, ut|,_y = 2 cos 6.

Uy = 4y,
Ux‘xzo =0, Uw|x=35 =0,

ul,_g = 12cos mx, ul,_, = 0.

U = 9U:m;

ul"x:O — 07 ux‘m:5 - 07

ul,_g = 0, ut|,_q = 127 cos 3mz.

U = 10Uy,

ul,_g = TcosImx, ul,_, = 0.
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12.10.

12.11.

12.12.

12.13.

12.14.

12.15.

12.16.

Upp = 20Uy,

ul,_g =0, ut|,_y = 117w cos .

Ut = 30Uz,

ul,_y = 32cosbmx, ul,_, = 0.

Ut = SlUyy,

ul,_g =0, w|,_q = 8cos Tmz.

U = 121”:1::1:7

ul,_g = 42 cos 2mx, wl,_y = 0.

Utt = Ugy,
Uyl g = 0, U] 19 = 0,

ul,_g = 0, w|,_q = 137 cos 13ma.

Uy = 4uyy,

ul,_y = 21 cos Tmx, wl,_y = 0.

Ut = YNyy,

ul,_g =0, uy|,_q = 187 cos b6ma.
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12.17.

12.18.

12.19.

12.20.

12.21.

12.22.

12.23.

Uy = 16Uy,

ul,_y = ldcos Tmx, wl,_, = 0.

Ut = 25Uy,

ul,_g =0, ut|,_y = 24 cos 3mz.

Ut = 30Uy,

ul,_g = 32cos 2mx, uy|,_, = 0.

U = 49Uy,

ul,_g =0, ut|,_y = 24 cos 3mz.

U = 64Uy,

ul,_g = 25cos 5mx, uyf,_y = 0.

U = 81Um>

ux‘x:() — 07 uf’x:7 - 07

ul,_g =0, ut|,_y = 257z cos 25mx.

Ut = Ugy,

ul,_y = 26 cos T, wl,_y = 0.
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Up = 4y,
12.24. U’x‘x:O =0, Ua:’x:(; =0,

ul,_g =0, ut|,_y = 327 cos 8m.

Ut = 9U:Ex7
12.25. wy|, o =0, uy|,_s =0,

ul,_y = 15cos 3mx, wl,_y = 0.

3asjgaga 13.

HaiiTu pemenne cMmeranHoi 3a,1a49M:
Ut = 121ux957

131wyl =0, ul,_y5 =0,

ul,_y = 5cos T, ul,_, = 0.

U = 100”&@%,
132 wl,_, =0, u$‘m:2,5 =0,

ul,_g =0, uy|,_y = 2sindra.

Uy = Sluy,,
13.3. ux‘xzo =0, u\$:575 =0,

ul,_g = 3cosTx, us|,_y = 0.

uy = Slug,,

13.4. u’x:O - 07 ux‘a::3,5 =0,
ul,_g =0, ut|,_y = 12sin 37z.
Uy = 64y,

13.5. uI‘sz = 07 u‘le,’é - 0’

ul,_y = 14 cos3mx, wl,_, = 0.
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13.6.

13.7.

13.8.

13.9.

13.10.

13.11.

13.12.

U = 49”%:57
u’ﬂC:O — O’ ux‘a::5,5 - O?

ul,_g =0, ut|,_y = 34sin9Irz.

Ut = 30Uy,
uw‘x:() - 07 u‘x:9,5 - 0’

ul,_y = 15cos 17z, wl,_y = 0.

Ut = 20Uy,
u|:p:0 = 0, u:c‘$:875 =0,

ul,_g =0, u|,_y = 32sin9mrx.

Uy = 16Uy,
Uy |,y =0, u‘x:7,5 =0,

ul,_y = 54 cos I, wf,_, = 0.

Uy = 9“:1::6:

u‘ZEZO — O, u$|x:7’5 — O,

ul,_g =0, w|,_y = 23sin 157z

U = gy,
ux‘x:() = 0, u‘x:4’5 =0,

ul,_y = Sdcos Tmx, wl,_y = 0.

Ut = Ugg,

u‘xzo = 07 uﬂf|x:9,5 — 07

ul,_g =0, uy|,_, = 87sin45mx.
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13.13.

13.14.

13.15.

13.16.

13.17.

13.18.

13.19.

Ut = 100uwm7
u‘aﬁ:O - O’ uﬂc‘x:5,5 — O?

ul,_g =0, uy|,_, = 3sin 157z.

U = 8lugy,
uﬁ‘x‘:O - 07 u|x:2,5 - 07

ul,_y = 6cos2lmx, wl,_y = 0.

Ut = 36ULy,
u‘$=0 - O’ u$‘x=2,5 — O?

ul,_g =0, w|,_y = 134 sin 5.

U = 2DUgy,
Ug|,—g =0, u‘x:6,5 =0,

ul,_y = 3cos Imx, wl,_, = 0.

Uy = 16U,
u‘x:() - 07 u$|;p:6’5 — O)

ul,_g =0, w|,_y = 65sin 157z

Uy = gy,
ux‘x:() = 0, u‘x:o’5 =0,

ul,_y = 65cos 17z, w|,_, = 0.

U = gy,
u‘xzo =0, uaz|x:13,5 =0,

ul,_g =0, ug|,_y = 12s8in 15mx.
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Ut = Ugyg,
1320 up|,g = 0, ulmg5 = 0,

ul,_y = 36 cos 17z, w|,_, = 0.

Uy = 100Uy,

1321 uf,_y =0, u,],_y5 = 0,
ul,_g =0, uy|,_q = 7Tsin 3.
Uy = 121U,

13.22. w,|,_y = 0,ul,_ 5 =0,

ul,_q = 6cos3mx, ut,_, = 0.

Ut = Slugy,

13.23. uf,_g = 0, tefyg5 = 0,
ul,_g =0, ut|,_y = 8sin 3.
Uy = 64Uy,

13.24. w,|,_, =0, u|I:3’5 =0,
ul,_g = Tcosmx, u|,_q = 0.
Uy = 49Uy,

13.25. u‘$:O =0, ux‘x:7’5 =0,

ul,_g =0, ut|,_y = 23sin 15mx.

Saga4da 14.

HaiiTu pemenne cMmenmannoi 3a1a4u:
Ut = AUy,

14.1. u’x:() = =8, u‘sz =4,

ul,_g = =8+ 6x + Tsindnz, u,_, = 0.
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14.2.

14.3.

14.4.

14.5.

14.6.

14.7.

14.8.

Uy = 4uyy,
ul,_g =3, ul,_3 =12,

ul,_g =3+ 3%, w|,_, = Trsin 15mx.

U = gy,

U’xzo = —2, u‘le =4,

ul,_g = =24 6x + 12sinmz, uy|,_y = 0.
Uty = Al

u|$=0 — 57 u’x:E) — 157

ul,_g =5+ 2z, u|,_, = 8mwsinbme.

Ut = Mgy,

ul,_g = =3+ 4x + 4sin 127z, wy|,_, = 0.

Ut = Mgy,
u’x:() — 87 u’x:?, — 27

Ul,_g =8 — 2w, uy|,_, = msin 127z

Ut = Mgy,
ul,g =4 ul,_s = 14,

ul,_g =44 2x + 3sin 1272, w,_, = 0.

Uy = 9Um,
U’xzo = —9, U‘x:4 =11,

ul,_g = =9+ 52, wy|,_, = dHrsin 37z.
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14.9.

14.10.

14.11.

14.12.

14.13.

14.14.

14.15.

U = 16”%:“

ul,_o =4, ul,_s = 16,

ul,_g =4+ 2x + sin 3z, wy),_, = 0.

Uy = 16“:1:957
u\xzo =1ul,_, =71,

ul,_g =14 6x, w|,_, = 237 sin Smx.

Uy = 16Uy,

ul,_g = —8+ 62 + Tsindrx, w|,_, = 0.

Uy = 16Uy,
u‘q;:() - 37 u‘ng - 127

ul,_g =3+ 3x, w|,_, = Trsin 15mx.

U = 16Uy,

ul,_o=—4,u|,_; =11,

ul,_g = —4+ 3x +sin8nx, wy|,_, = 0.
Ut = 20Ugy,

u‘xzo — _77 u‘x:Z — 17

Ul,_g = =7+ 42, wy|,_, = 11lmsin 127z,
Ut = 20Uy,

u‘xzo — 17 u‘x:4 — 97

ul,_g =14 2x + 11sin8mx, w,_, = 0.
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14.16.

14.17.

14.18.

14.19.

14.20.

14.21.

14.22.

U = 2DUgy,

ul,_g=—3,u|,_3 =12,

ul,_y = —3+ 52, wy|,_, = dmsin 137z.
Upp = 20Uy,

ul,_g = —2, u|,_q = 16,

ul,_g = =2+ 2x + 2sin 137z, wy|,_y = 0.

Up = 30Uy,
u‘$—0 = —9, u‘x—él =7,

ul,_g = —5+ 3%, wy|,_, = 5msin Ima.

Uy = 30Uy,
u‘x:() - 67 u‘xz? - 87

ul,_g =64 2x + 2sin 9z, u|,_y = 0.

Uy = 30Uy,

ul,g=—12,ul,_, =2,

ul,_g = =124+ Tz, w|,_y = 17msin 3wz,
Ut = 30Uy,

ul,_o=—1,u|,_y = =5,

ul,_g = —1— 2z + 5sin3mx, w,_, = 0.
Ut = 30Uy,

ul,_o =2, u|,_, = —12,

Ul,_g =2 — 2, w|,_y = 9 sin Smx.
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Uy = 49Uy,
1423, ],y = 8], =4,
ul,_y = =8+ 6x + 3sin 8z, u|,_, = 0.
Uy = 49Uy,
14.24. |, =—4,ul, 5 =2,
ul,_g = —4 4 2x, w|,_, = I sin 27z.
Uy = 49Uy,
14.25. u‘w:O = —10, u\x:4 = 0,
ul,_g = —10 4+ 4z + 5sin 3wz, u|,_, = 0.
3agada 15

HaiiTu pemenne cMmemnmanHoi 3a1a9M:

15.1.

15.2.

15.3.

15.4.

Uy = Uyy + € 2 sin Tz,
ul,_o=0,ul,_ =0,

u’tzo =0, ut|t:0 = 0.

Ut = gy + SNt sin 6,
u’xzo — O’ u’I‘:ﬂ' - 07

u’t:O =0, ut‘t:o = 0.

Uy = %lum + 2t sin 9z,
ul,_o=0,ul,_ =0,

uly_g =0, wl,_y = 0.

Uy = %um + cos 2t sin x,

u’x:O — 07 u’x:ﬂ' = 07

u’t:O =0, ut‘tzo = 0.



66

6. UH/INBUJYAJIBHDBIE 3AJTAHUA K I'JIABE 1

15.5.

15.6.

15.7.

15.8.

15.9.

15.10.

15.11.

Uy = 16Uy, + €l sin 2z,
u’iL':O — 07 u’x:']r — O?

uly_g =0, wl,_g = 0.

Ut = 10U, + 3 sin 2t sin 6,
u’x:O — 07 u’x:ﬂ' = 07

U’tzo =0, ut‘tzo = 0.

u|x:0 - 07 U”x:w - 07

uly_g =0, uf,_y = 0.

Uy = %um + (2cost + sint) sin 2z,

ul,_y=0,ul,_ =0,

u’tzo =0, ut‘tzo = 0.

Uy = 25Uy, + e sin 8z,
u’JZ:O — 07 u’l’:’ﬂ' — 07

U’tzo =0, ut‘t:O = 0.

Uy = 2DUg, + 3sin 4t sindzx,

ul,_o=0,ul,__ =0,

u‘tzo =0, ut|t:0 = 0.

Uy = 2—15um + (2t + 1)) sin Tz,

U‘ZE:O — O’ u‘x:w — 07

u‘t:O =0, “t’tzo = 0.
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15.12.

15.13.

15.14.

15.15.

15.16.

15.17.

15.18.

L, + 6 cos 3tsin 2,

Utt = 35

u‘a:zO - O? u‘mzﬁ -

uly_g =0, wl,_g = 0.

Uy = 36Uy, + € sin 22,
u‘xzo — O’ u‘x:ﬂ — 07

u‘t:O =0, Ut’tzo = 0.

U = 36Uy, + (sint + cost) sin 3z,

u‘$:0 - O? u‘$:7T =0

uly_g =0, ul,_g = 0.

Uy = 31(5“93% + (t — 1) sin b,

Ly + 4 costsin 2z,

Uy = 36

ul,_o=0,ul,__ =0,

U‘tzo =0, ut’t:O = 0.

Uy = 49, + 3sin 2t sin x,
u‘x:O - 07 u‘wzﬂ =0

u‘tzo =0, ut|t:0 = 0.

Uy = 419um + (¢t + 1) sin 2z,

U‘ZE:O — O’ u‘x:w — 07

u‘t:O =0, “t’tzo = 0.
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= %gum + 5 costsin 2,

15.19. w| _,=0,ul,__ =0,

Uty

uly_g =0, wl,_g = 0.

Uy = Upy + €* sin Sz,
15.20. uf,_y=0,ul,_, =0,

uli_g =0, wlf,_y = 0.

Ut = AUy + 2810 3T Sin 22,
1521, w|,_,=0,u|,_ =0,

uli_g =0, wf,_y = 0.

Uy = ium + 5t sin 7z,
15.22. u|,_y=0,u|,_ =0,

U‘tzo =0, ut’t:O = 0.

= %um + cos tsin 2z,

15.23. w| _,=0,ul,__=0,

Uty

uly_g =0, wl,_g = 0.

Uy = My + € sin 3z,
15.24. w|_,=0,ul,__ =0,

U‘tzo =0, Ut‘tzo = 0.

Uy = 16Uy, + (sint + 2 cost) sin 6,
15.25. ul,_y =0, ul,_, = 0.

uli_g =0, uel,g = 0.



I'1aBa 2

CwMmenianHasi 3ajiada JIJid ypaBHEHUIl

1mapaboJIm4eckKkoro TUila

1. OpgHOpoaHad cMemiaHHAd 3aJada JJad YpaBHEHUS
TENJIOIPOBOIHOCTH

YpaBHEHHS TIapPadOJIMIECKOro TUIA MOJIYIal0TCd IIPU UCCIeI0BAHNN
TaKUX (PUBHYECKUX ABJICHUN, KaK TEILIOIPOBOAHOCTD, Huddy3us, pac-
TTpOoCTpaHeHNe 3JIeKTPOMATrHUTHBIX OJIell B TPOBOASIINX Cpelax 1 JIp.

[TocTtaBuTh 33184y, COOTBETCTBYIOIIYIO JaHHON dpu3myecKoit 3a1ade,
— 9TO 3HAYUT BBHIOpATh (PYHKINIO, XapaKTEepU3YIOMIYI0 (DU3NIECKUil
IIPOIIECC, a 3aTeM

1) BeiBecTu nudbpepenimaibioe ypaBHeHe [Td 3TOH (byHKITUIN;

2) YCTaHOBUTD JIJIsi Hee TPAHUYIHBIE YCIOBHST,

3) copMyTMpPOBATH HAYAJIBHBIE YCIOBHS.

Kak m B ciaydae ypaBHeHHS THUIIEPOOJMIECKOTO THUIIA, 3J€Ch CYIIe-
CTBYIOT I'PaHMYHBbIE YCJIOBUS Tpex TumoB. Hampumep, jis rpanndHoil
3a1a4n 00 onpejeseHnn remieparypbl crepxkiasg 0 < o < [ ¢ Terionso-

JINPOBAHHOIT OOKOBOII MOBEPXHOCTDHIO, €CJIN €TI0 HavdaJbHasd TeMIepaTy-

69
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pa SBJIAeTCA TTPON3BOJIbHON PYHKIUEH OT &, TPaHUIHBIE YCOBUS OYIyT
XapaKTepu30BaTbCA CJIEIYIOIUM:
1) KOHIIBI CTEPXKHS MOJJIEPKUBAIOTCA TP 33 IaHHOM TeMIepaType;
2) Ha KOHIIBI CTEPXKHS TIO/IACTCS W3BHE 3a/IaHHBIN TEIIOBO TMOTOK;
3) Ha KOHI[AX CTEPYKHS MPOUCXOIUT KOHBEKTUBHBI TEIJI00OMEH 10
3aKoHy HbloToHa co cpeoil, TeMmepaTypa KOTOPOil 3a1aHa.
PaccMoTpum 3a71ady 0 pacripocTpaHeHUN TeTjia B UJeaJbHO W30JIU-
POBAHHOM TOHKOM OJHOPOIHOM CTEPrKHE JIJINHBI [, €CJIN €TI0 KOHIIBI ITO/I-
JIEeP2KUBAIOTCA [IPU HYJIEBOI TeMIleparype.

Nrak, Oyjem BcKaTh pelieHne 3a1a9u:

U = a*uy,, 0<z<l, t>0, (2.1)
ul,—g=0,ul,_; =0, (2.2)
ul,_g = p(x). (2.3)

1. Haiimem BcrmomoraresbHbie pernienns ypasuenns (2.1), He pas-
Hbl€ TOXKJIECTBEHHO HYJIIO, YI0BJIETBOPAIOIIME OJIHOPOIHBIM 'PAHUYHBIM

yCJIoBUSAM (2.2) U peJICTaBUMbIe B BUJE MTPOM3BEICHUSA
u(z,t) = X(x)T'(t). (2.4)
[Togcrapmas (2.4) B (2.1), moayqaem
X(2)T'(t) = a* X" (2)T(t). (2.5)

Pasnenus obe actu pasencrsa (2.5) na a’X (x)T(t) # 0, umeem
XT'  @®X"T
a’XT  ?XT

Y (2.6)
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rme A — HekoTopas TocTrogHHadA. CremoBaTebHO, U3 COOTHOIIEHUS
(2.6) w rpaHwdHBIX ycsoBuit (2.2) momydaem oOBIKHOBEHHOE ude-
peHIabHOe ypaBHeHue st onpejeserns gynkuuu 1(t) n 3amady
[MIrypma — JInysusst aist pyuknnu X ()
T 4+ a*\T = 0. (2.7)
X"+ AX =0,
X(0)=0,X()=0.

2. Paccmorpum 3agaqay [rypma — JInyBuis: HeoOXoguMo HalTh

(2.8)

TaKie 3HaUYeHMd [apaMeTpa A, Ha3biBaeMbie COOCTBEHHBIMU, IIPU KO-
TOPBIX 3aja4a (2.8) MMeeT HEHyJIEBbIEe DENIeHUd, a TaKyKe HaiiTu 9T
HeHYJIEBbIE PeIeHnd, Ha3blBaeMble COOCTBEHHBIME (DYHKITUSIMU.

Ob1ree penienne ypaBHEHUA UMEET BIJI
X(z) = Cycos V Az + Cysin V Az, A >0,

rine C1 nu Cy — npousBOJIbHBIE MOCTOSIHHBIE. VI3 TpaHUYHBIX YCIOBU

3aJa4du CJIe/lyeT, UTo

2
A, = (m) n=12, ..

1
Xy(z) = Cysin nlﬂ

Bes orpannuenns obmpoctu mosoxkum Co = 1, Torga cobCTBEeHHBIE

(DYyHKIINN TTPUMYT BU]T

X,(z) =sin #,n =1,2,....

Kak 1 B 3aj1a9ax /719 BOJTHOBOTO YPaBHEHNA, B 3aBUCUMOCTHU OT BUIA
I'PAHMYHBIX YCJOBUI MCXOIHOM 331491 MOT'YT OBITH IOJIYYeHbl Pa3JId-

Hble Buabl 3aga4u [typma — JInysumaa. [lomydaronuecs mpu 3ToM
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COOCTBEHHBIE 3HAUYEHHS U COOCTBEHHBIE (PYHKITUN MIPEACTABIEHbI B Ta0-
jguiie 1.
3. Haiiziem Temnepn pererne ypapuerus (2.8), Koropoe mpu A = A,

nMeeT BUJ

T +a* T, =0, n=12,....
OTo JIMHETHOe ypaBHEHNE MTePBOTO TOPsIKa, ero perreHne
2
T,(t) = Ape ™ n =12 ...

Ui
ann 2
T.(t) = Ane_(T) Lon=1,2,..

7 9

rie An — IIPOMN3BOJIbHBIE IIOCTOAHHDBIEC.

Takum obpasoM, pu J0OBIX A, Bce pyHKINN

anmn 2
Up(x,t) = Ane_(T) Fsin ?, n=12..

VIOBJIETBOPSIOT ypaBHeHnio (2.1) u yenousam (2.2).
4. PaccMoTpuM OeCKOHEUHbIH PsijL

ZAne T Lsin ? (2.9)

Eciu 3T0T psa CXOOUTCS U CXOAATCA PAJIbL, MOJIyYeHHbIe U3 HEro Jud-
(dbepeHIIpoBaHUEM JIBa Pa3a M0 & U OJWH pa3 1o t, To pas (2.9) mpes-
CTaBJIAET perenne ypapaenns (2.1), y1oBaeTBopsioniee yeaoBusdm (2.2).

5. Haiimem A,, Tak, arobsl dyukiums (2.9) ynoBieTBopsiia HadaabHO-

My yeaoBmio (2.3). Nmeem

Ul,_y = ZA Sin@ = p(x). (2.10)
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Dyukmo (x) pasnokuM B pag Pypbe 1m0 cOOCTBEHHBIM (DYHK-

maM 3aga9m [typma — JImyBuais, B paccMaTpuBaeMOM CJydae IO

Xp(w) =sin ™ n=1,2, ...

9 l
ansin@, e sﬁnzifgo(a:)sinnlﬂdaj (2.11)
0

HO,HCT&B.HHH (2.11) B (2.10), HOJIy‘{I/IM

o

. nmx . nmx
E Ansm— g gpnsm—
n=1

CpaBHeHI/Ie OTUX PAJOB ITOKA3bIBA€T, YTO JIAd BBITIOJIHEHUA HaYadJlb-

HOTO YCJIOBUS HaJ0 HOJ0XKNTL A, = ¢,. CrenoBaTeabHo,

9 [l
A, = 7/ @(x)sin nlﬂdx n=1,2,. (2.12)
0

YuursiBast paBerctsa (2.12), w3 dopmyrn (2.9) moaydaum pererne

paccMaTpuBaeMoOil cMelllaHHON 3aja4vn
(0. ¢]
_(m)% . NTX
= g Ppe ! Sin 0

TJIe ©, Onpeesisiores mo gomymam (2.11)
ITpumep 1 (mpumep BbIMOJIHEeHUS 3aa4n 17).

PermmuTh 0qHOPOAHYIO CMENTaHHYIO 3a0a49y /I YPaBHEeHHS TEeII0IPO-

BOJIHOCTI:
u‘x:() - 07 U"$:4 - 07 (214)
ul,_y = sinmx + 3sin 7. (2.15)

1. DTa 3aa9a 0JIHOPOAHA, II0TOMY pelleHne OyaeM UCKaTh B BUIE

u(z,t) = X(x)T(t).
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[Topcrasnsisa sty dyukimio B ypapuenune (2.13), mosydaem
X(2)T'(t) = 5X"(x)T(t).

Pasienus 0be wactu nocsenero pasercrsa Ha HX (x)T'(t) # 0, umeem
T/ X//
5T X

U3 srux cooTHOMmeEHnit u rpaHudHbIX yeaoBuit (2.14) moydaeMm 0ObIK-

-\

HOBeHHOe gud bepeHnaabHoe ypaBHEeHNEe JIJId Olpeae/ieHnd (DYyHKIINN
T(t)
T +5 T =0 (2.16)

u 3ajaqy rypma — JlnyBumna pig dyraknuu X ()

X"+ AX =0,
X(0)=0,X(4) =0.
2. Paccmorpum 3agaay [Itypma — JInmysuaasa. MoxkHo ncnonb30BaTh

naHHble Tabuunbl. B sToM nmpumepe a® = 5, [ = 4. Haxomum

2
A, = <@) n=12 ..
1

Xn(x) = sin %, n=12...

3. Haitem Temneps permenne ypapuerust (2.16), KoTopoe mpu A = A,

nMeeT BUJ

2
T7;+5<%> T,=0, n=12, ...

OTO JIMHEHOE ypaBHEHNE IIePBOro MOPsIIKA, ero PelleHne
_5(7rn)2t
T,(t)=A,e 1) n=12 ..,

rae An — HPOMU3BOJIbLHBLIE IIOCTOAHHBIC.
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Takum obpazoMm, mpu 006X A, Bce DyHKIIN

’/TTL2
up(z,t) = Ane” (4>tsinw, n=12,..
4

VIOBJIETBOPSIIOT ypaaeruto (2.13) u yemopusm (2.14).

4. Pemenne 3ajia4u UILEeM B BUJE Psijia
7m . o
Z A,e” Lsin 1

Ota GyHKIUS ABIAETCS peleHreM ypaBaenus (2.13) u yaoBieTBopsier
TPAHUIHBIM yCa0BuAM (2.14) mpu yi00bIx A, TpH KOTOPBIX P CXO-
JIINTCA U €r0 MOYKHO JIBaXKJbl AuddepeHInpoBaTh TOUJIEHHO.

5. Haitnem A, tak, arobbl dyHKIms u(x,t) ya0BIeTBOPSIA HAdab-

HoMy yesoBuio (2.15). Nmeem

. NI
Ul,_g = E Ansm— = sinx 4 3sin 7mx

Orcrona
Ay =1, Ay =3,
A,=0, neN, n#1, n#28.
[Tojcrapnisia st KoapdunmenTsl B GyHKIMIO u(x,t), HOIyduM pe-

MeHNe PACCMATPUBAEMOI 3a,1adm
o (4rn A 28X
u(z,t)=e ()" Fsin ——~

7.‘.2
+ 3e~ (28 ) tsin 1

_E2r . _ 2; .
Otser. u(z,t) = e " sin o + 3e 2P sin Trra.

[Tpumep 2 (mpumep BbIMOJIHEHUs 3aja4u 18).
PemuThb 0HOPOIHYIO CMEIIAHHYIO 3a4a4y /IS yPaBHEHUS TEILIOIPO-

BOJIHOCTMU:
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Ug| g =0, ug|,_g =0, (2.18)
ul,_y = 11 cos 15m. (2.19)
1. D1a 3a/1a9a OJIHOPOIHA, [I09TOMY pelleHne OyaeM UCKaTh B BUJIE
u(x,t) = X(x)T(t).
[Topcrapnsisa sty dyukimio B ypauenne (2.17), mosydaem
X(2)T'(t) = 3X"(x)T'(t).

Pasnenus obe uactu mocsieanero paserctsa Ha 3X (x)7T'(t) # 0, umeem
T/ X//
3T X

M3 9Tux coOTHOMMEHU U IPaHUIHBIX yeaoBuil (2.18) mosydaem 0ObIK-

—A.

HOBeHHOe mud bepeHnaabHOoe ypaBHEeHNEe JIJId Olpee/ieHnd (DYyHKIINN
T(t)
T +3XT =0 (2.20)
u 3agaay [rypma — Jluyswmng mgag dysxipm X ()
X"+ AX =0,
X'(0)=0,X'(3) =0.
2. Paccmorpum 3amaay Iltypma — Jlnysumaga. MoxKHO ncob30BaTh

naHHble Tabsunel. B sTom npumepe a® = 3, [ = 3. Haxomum
™

2
A, = (—) n=0,1.2, ..
3

Xnp(x) = cos%, n=0,12,...

3. Haitmem Temneps permenne ypapuerust (2.20), KoTopoe pu A = A,

nMeeT BUJ

2
T/L+3<%> T,=0, n=012, ...
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DTO JIMHEHOe ypaBHEeHNe TIePBOro MOpsiaKa, ero pelleHne
_3(7Tn)2t
T.(t)=Ae '3 n=0,1,2,...,

rae An — HPOMU3BOJILHBIE TIOCTOAHHBIC.

Takum obpasoMm, mpu 006X A, Bce DYHKIINI

™™ 2
Up(x,t) = Ane_?’(?> tcos %, n=0,1,2,..

VI0BJIETBOPAIOT ypaBHenuio (2.17) u ycmousam (2.18).

4. Pemenne 3a1a49n UIEM B BUJIE PAIA

OTa HYHKINS BIIETCS pernenneM ypasaerus (2.17) u y1oBaeTBopsier
TPAHUIHBIM yCI0BHsM (2.18) mpu Jii00bIX A,,, TP KOTOPBIX PsIJT CXO-
JINTCA 1 €r0 MOXKHO JIBaXKJIbl AuddepeHnupoBaTh MOUJIEHHO.

5. Haitnem A,, Tak, arobbt dyHKIms u(x,t) yI0BIETBOPSIA HATATIb-

HoMy ycaosuio (2.19). Nmeem

o
Ul,_g = ZA” COS% = 11 cos 157x.
n=0

Orcroza
Ay =11,
A, =0, ne NU{0}, n#45.

[Togcrapisia st KoapdunmenTsl B GyHKIMIO u(x, ), TOIyInM pe-

IIeHe pacCMaTPUBAaEMOIl 3aj1a4n

45Tx

\2
u(x,t) = 11305 cos
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—675m2t

OtsBet. u(z,t) = 1le cos 15m.

ITpumep 3 (mpumep BbIMoJIHEeHUs 3aja4u 19).

PermmuTh oqHOPOAHYIO CMENTaHAYIO 3a0a49y /I YPaBHEHMS TETLI0IPO-

BOJTHOCTU:
U = Mgy, (2'21)

u37|$:O — 07 u|x:1,5 - O’ (222)

ul,_, = 8 cosdmx. (2.23)

1. Dra 3a7a9a OIHOPOIHA, TOITOMY peIllieHne OymIeM NCKATh B BHUIE
u(z,t) = X(x)T'(t).
[Topcrasnsisg sty dyukimio B ypauenune (2.21),; mosydaem
X(2)T'(t) = 9X"(x)T'(t).

Pasnenus obe uactu mocsieanero paserctsa Ha 9X (x)7T'(t) # 0, umeem
T/ X//
9T X

M3 9Tux cOOTHOIMEHNH U IPAHUIHBIX YCIOBUil (2.22) mosydaeM 0ObIK-

—A.

HOBeHHOe aud bepeHnaabHoe ypaBHEeHNEe JIJId Olpeae/ieHnd (DYyHKIINN
T(t)
T +9 T =0 (2.24)

u 3agaqy [rypma — JInyeumna pug dyraknnn X ()

X"+ 22X =0,
X'(0)=0,X(1,5) = 0.



1. OTHOPOJHAA CMEINTAHHAA 3AJIAYA J1J14 YPABHEHWA TEIJIOIIPOBO/IHOCTH 79

2. Paccmorpum 3amaay IItypma — JInysumaga. MoxkHO ncmonb30BaTh
naHHBIe Tabunel. B sToM mpumepe a® =9, [ = 1,5. Haxoaum

- (e

2
) ,n=0,1,2,...,
3

2n + 1)mx

Xn(x) = COS( ,n=0,1,2, ...

3. Haitzem Temneps perenne ypapraenus (2.24), KoTopoe pu A = A,

nMeeT BU/I

3(2n + D\ 2
TH( <”3+ h) T,=0, n=012, ...

OTO JIMHETHOe ypaBHEHNE [IEPBOTO IOPsJIKA, €r0 PelleHune
2
To(t) = Ape(Gntm - — 01,2, ...,

rie A, — IponsBoJIbHBIE TIOCTOSTHHEIE.
Takum obpazoMm, mpu 006X A, Bce DyHKIIN

2n + 1)mx

Un<[l?, t) — 14716_((2”—‘_1)7T)275 COS ( 3 )

=0,1,2,...

VIOBJIETBOPAIOT ypaBHeHwio (2.21) u yciaoBusam (2.22).

4. Pemenne 3a1a49n UIEM B BUJIE PAIA

- 2n + 1
u(z,t) = g Ape~(@ntDm’t cos( N )mc'
n=1

3

OTa HyHKINS ABIAETCS pelnenneM ypapaerus (2.21) u y1oBaeTBopsier
TPAHUIHBIM YCIOBUsAM (2.22) mpu Jiio0bIX A, TIPU KOTOPBIX Pl CXO-
JIATCS ¥ €70 MOYKHO JBaXKAbl AndPepeHunpoBaTh 0YIEHHO.

5. Haiimem A,, Tak, aT00b! dyHKIWMS U(x,t) yIOBIETBOPAIA HATATh-
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HOMYy ycJioBuio (2.23). Nmeem

- 2n + 1
ul,_y = ZAncos( n—; )72 = 8 cos Hhre.

n=1

Orcrona

A; =8,
A, =0, ne NU{0}, n#T.

[Togcrapisia st KoapdunmenTsl B QyHKIMIO u(x,t), TOIyInM pe-

IeHe pacCMaTPUBAaeMOlt 3a1aun

15mx
3

u(z,t) = 8¢~ (17 ¢

—22572¢

OtBet. u(z,t) = 8e cos .

2. Heomnopoanaga cmenianHag 3a/4a4a JIJid ypaBHEHUS
TENJIOIIPOBOJHOCTI C HEOAHOPOAHbIMU
IrPAHNYHBIMHI YCJIOBUSMU

B 3ajiauax o pacupocTpaHeHnH TeIlia B CTep:KHE, KOHIIbI KOTOPOI'o
TIO/IIeP>KUBAIOTCS MPH 33JaHHBIX TeMIlepaTypax, FpaHuYHbIe YCIOBUA
UMEIOT BU/I

ulmg = ma(t), ul,y = pa(t).
B sToMm ciydae MBI IpUXOAMM K HEOTHOPOIHOM cMeNTaHHo 3a1ade JI71s1
ypaBHEHUA TEIJIOIPOBOJIHOCTH C HEOAHOPOIHOCTHIO B IPAHUYIHBIX YCJIO-
Busix. [TogpobHO MeToj1 peleHns TaKUX 3aJdad PACCMOTPEH I ypaB-
HeHU# runepboimdeckoro Tuma. YTobbl pemnuTh TaKylo 3aJady, Heob-

XOJIMMO:
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1. CHATH HEOTHOPOSHOCTH I'PAHIMYHBIX YCJIOBUIA, T.€. MoA00paTh PyHK-
o v(x.t), YIOBIETBOPSIONLYIO STUM YCTOBUSIM.

2. Pemerne ncxomHoit 3a1a41 UCKaTh B BUJIE
u(z,t) =v(x,t)+w(z,t),

rie v(z,t) — QYHKIWsI, YI0BIETBOPSIOIIAsi TPAHUYHBIM YCIOBUSM,
w(x,t) — HOBasi Hen3BecTHast (DYHKIIUA.

3. [ogcrasurs u(x,t) = v(z,t) +w(z,t) B UCXOIHYO 3802y ¥ MOJTY-
GUTh 3aja4y s GYHKIUM w(x, t), permB KOTOPY0, CMOYKEM 3aIIUCAT
OKOHYATETHHOE PeITeHNe.

PaccMoTpuM pssi IpuMepoB.

[Tpumep 1 (mpumep BbinosiHeHus 3aga4qu 20).

Permmth HeoAHOPOIHYTO 342ty JJisi YPABHEHNS TEILIOMPOBOIHOCTH:
up = 16Uy, (2.25)
IPU HEOJHOPOHBIX TPAHIIHBIX YCIOBUSX
Ul = —5ul,_g =14 (2.26)
11 HATAJTHLHOM YCJIOBUM
ul,_y = =5+ 3z + 15sin4rz. (2.27)

3ajavua HeOIHOPOIHAA C HEOJHOPOIHOCTHIO B TPAHUYIHBIX YCJIOBUSIX.
[TosTomy
1) nopbepem yHKIMIO v(X, t), YAOBIETBOPSIONLYIO I'PAHIIHBIM YCJIO-

Bisim (2.26). Tak kax oba u3 ycaoBuit (2.26) ABISIOTCS YCIOBUIMU TI€P-
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BOT'O PO, TO 3Ty (PYHKIIUIO MOXKHO B3SIThb B BHUJIE
oz, t) = =5+ %(4+ 5) = —5 + 3z
2) pelenne MCXOMHOM 3391 UCKATH B BUJIE
u(x,t) = =5+ 3z + w(x,t), (2.28)

rie w(r,t) — HoBas Hem3BecTHasA (PYHKIIUA;
3) mogcTaBuM (2.28) B mcxomHyo 3a1a4y (2.25)-(2.26)-(2.27) u moy-
quM 3aJa4dy s QyHKImA w(T, t).

U3 ypasrenns (2.25) nmeem
Wit = 16wm
W3 rparnanbix yesosuii (2.26)

ul,_o=(=5+3x+w)|,_o=—->+w|,_,= -5,

ul, 3= (=5+3z+w)|,_s=4+wl,_;=4

nmMeeM

w‘a::() - O’ w‘a:zS = 0.

U3 nagaibHOTO yea0Bu (2.27) TOTyInM HATaIbHOE YCIOBUE JTst (PyHK-

UK W:
ul,_g = —5+3x+w|,_y=—5+ 3z + 15sindnx.

OTKya

w|,_y = 15sindna.
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Urak, aist by w(x, t) TOTyInan CIe oy 3aJ1ady:

W = 16wm, (229)
wl,_o=0, w|,_3=0, (2.30)
w|,_y = 15sindnz. (2.31)

1. DTa 3ama9a OHOPOIHA, ITOTOMY pelleHne OymaeM UCKaTh B BUIE
w(x,t) = X(x)T(t).
[Togcrasgs sty GyHknuio B ypaBHenue (2.29), mosydaem
X(2)T'(t) = 16 X" (z)T(t).

Pazenue 06e gactu nocseaaero pasercrsa Ha 16 X ()T (1) # 0, mmeem
T/ X//
167 X

M3 sTux cooTHomennt u rpaHndHbIx yeaosuit (2.30) mosydaem 0ObIK-

—A.

HOBeHHOe guddepeHnaabHoe ypaBHEeHNE JIJId Olpee/ieHnd (DYyHKIINN
T(t)
T+ 16T =0 (2.32)
n 3agaqay lrypma — Jlnysumnsa aia dbyaxrmun X ()
X"+ 22X =0,
X(0)=0,X(3)=0.
2. Pacemorpum 3agaqay Hlrypma — JluyBuiisg (MOXKHO HCIIOJIB30BATD

JaHHbIe TabIuIbL. B 3ToMm mpumepe a® = 16, [ = 3). Haxoauwm

2
A, = <@> n=12 ..,
3
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Xp(x) = sin n_;mc, n=12,...

3. Haitzem Temnepn perenne ypapraerus (2.32), KOTopoe pu A = A,

nMeeT BU/I

TN\ 2
T 416 (?) T,=0, n=12, ...
D10 AMHeliHOe ypaBHEHUe IePBOro IOPIAKA, €ro PEIIeHne
™™ 2
T.(t) = Ape” (5" >t, n=12..,

rae An — I[IPOMU3BOJIbHBLIE IIOCTOAHHBIC.

Takum obpasoM, mpu J0OBIX A, Bce PyHKINN
mn)2 nmwx
wy(x,t) = Ane_(él?) fsin S = 1,2,...

VIOBJIETBOPSIOT ypaBHeHnio (2.29) u yemosusm (2.30).

4. Pemenne 3a1a49m UIEM B BUJIE PAIA
> d7n |2 nmwx
= Z Ane_(T) fsin 3

OTa HYHKINS BIIETCS pelnenneM ypasaerus (2.29) u y1oBaeTBOpsieT
rpaHuaHbIM yeaoBuaM (2.30) mpu so0bix A, TpH KOTOPBIX psf] CXO-
JINTCA U €r0 MOXKHO JIBaXKJIbl AuddepeHnupoBaTh MOUJIEHHO.

5. Haitnem A, Tax, aTobnl dhyHKIMs w(x,t) yIoBIeTBOpSIa HAYA b

HoMy ycsioBuio (2.31). Nmeem

nwx
W,y = E Ansm— = 15sin 4.

Orcrona

A,=0, neN, n#12.
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[Togcrasagas stu koaddurmenTsr B GyHKINO w(x,t), TOIyInM pe-

IeHne OJIHOPOIHON 3a71a49u

w(z,t) = 156_(4.1%)275 sin lome
Torma perreHnre NCXOMHOM 3a1a91
u(x,t) = =543z + e~ 256 gin A,
OtBer. u(z,t) = —5 + 3z + 15¢ 2967 gin 47z,

3. HeognopogHas cMenmiaHHas 3aJadva AJisd ypaBHeHUd
TeIJIOITPOBOAHOCTI C HEOAHOPOAHOCTHIO B YPaBHEHUN

PacemoTpuM cMmemaHHyIo 3agady Jis HEOZHOPOIHOI'O YpPaBHEHMUS
TEIIONPOBOAHOCTH. [10pobHO METO | peleHnsa CMeIaHHol 3a1a49u ¢
HEOIHOPOJHOCTBLIO B YPABHEHUN PACCMOTPEH JIJIsd YpaBHEHUI rurnepoo-
JarHecKoro tumna. IlpusegeM nmpumepst.

[Tpumep 1 (mpumep BbInOJHEeHUs 3aa49u 21).

HafiTu pemenne cMmemannoi 3a1a4u:

1 : .
U = Telor + (cost + 3sint)sin 4z, (2.33)
ul,y = 0,ul,_, =0, (2.34)
ul,_, = 12sin . (2.35)

3ajilada HEOJIHOPOAHAsA C HEOJHOPOIHOCTHIO B YpaBHEHHUH, IIO3TOMY

pelleHue uileM B BUJIE

u(z,t) = Z T, (6) X (), (2.36)
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rie X, (z) — cobcrBeHHbIE DYHKIMN BCIIOMOTaTeIbHOM 0HOPOIHOM 3a-
JIAYN.
1) peraeM BCIOMOTATEIBHYIO OHOPOIHYIO 3a/1ady JIJId HAXOXKJICHUS

COOCTBEHHBIX (DYHKIIN

1
Ut = 1_6Uxx7

ul,_o=0,ul,__ =0.

Bocrionb3yeMmcd JaHHBIMU, IPEJICTaBAEHHBIMU B Ta0uIe 1.

V nac a = L. 1 = 7. CobeTBEeHHBIE PYHKIINKI COOTBETCTBYIOIIEl 33/ 1a41
Y R y 1T YOI A

[Irypma — JInyBuag Ajis paccMaTpPUBaeMOl 381891 MMEIOT BU/I

. nmx
Xp(x) =sin— =sinnr,n=1,2,....
T

2) TIepexoiM K pelleHnio 0CHOBHOI 3aaun (2.33) — (2.34) — (2.35).

Ee pemterne 6yem uckaTh B BUJIE
u(z, t) = Z T,(t)sinnzx. (2.37)
i=1

[TogcraBum (2.37) B ypasuerue (2.33)
AL TR N
Z(T + —n"T,)sinnx = (cost + 3sint)sin 4x.

CpaBHuBast KO3P@UIMEHTH IPU OJMHAKOBBIX SIN NI, HOJYIUM IIPU
n = 4:

T, + Ty = cost + 3sint.

mpu n € N,n # 4:
L
T +—T,=0.
”+16
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[Topcrasus psiz (2.37) B ycaosue (2.35), mosydnm
ul,_y = ZTH(O) sinnx = 12sin x,
i=1

OTKY/Ia
T1(0) = 12,
T,00)=0, ne N,n#1.
Nrak, momyuman Tpu 3ama4un Komm:

T+ T, = cost+ 3sint,

T4(0) = 0;
T + T =0,
T1 (O) = 12,

T+ T, =0,
T.,(00=0, neN,n#1,n#4.
Tperha 3agada UMeeT TOJHKO TPUBUAJILHOE peTTeHne,
T. K. 1, = 0 — oueBUHOE pelleHne 3Toil 3a1a9u, a 3aaada Ko, Kak
N3BECTHO, UMEEeT €IMHCTBEHHOE peIleHue.
Haitgem Ty(t):
Ty(t) = T°(t) + T; (1),

rie T7°(t) — obImee penieHne COOTBETCTBYIONIENO OJHOPOAHOIO YpaBHe-
aust, T (t) — dacTHOE pelleHre HeO[HOPOIHOIO YPaBHEHHSI.

PermmuM cooTBeTCTBYyIOIEE OJHOPOTHOE YPaBHEHNE:

T,+ Ty =0.
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OTo JInHeitHOe 00BIKHOBEeHHOE InudpepeHInaJ bHoe YpaBHEHHIE TePBO-
ro IOpdAJKa C IOCTOAHHBLIMEI Kodddunmentamu. Ero obdimee perieHue
IMEET B
T(t) = Aye™,
rie Ay — IpoM3BOJIbHAS TOCTOSHHASL.
YactHoe pemienne T (t) HEOTHOPOJHOIO ypaBHEHHs OyJeM HCKaTh

METOJIOM HeollpeaeseHHbIX KoaddumuenTon. [lycrb
T;(t) = acost + bsint.

g onpenenerns: K03 UINEHTOB a 1 b mojacTaBuM 5Ty (DYHKINIO B
HEOJIHOPOJIHOE YpaBHEHMe U cpaBHUM KO3 @uIeHThI 11pu cost u sint B

IIpaBOil M JIEBOW YaCTAX IOJIYYEeHHOTO PaBEHCTBA!

1T =acost+bsint,
1| (Tf) = —asint 4 beost.
3/1eCchb cJieBa paccTaB/ieHbl KOA(POUIMEHTHI, Ha KOTOPbIE COOTBETCTBY-

FOITINE [TPOU3BOIHBIE YMHOXKAIOTCS B ypaBHeHunn. Vimeem
(a+b)cost + (b —a)sint = cost + 3sint.

Orkya
a+b=1,

b—a=3.

Haxomum

Takum 00pa3oM, JacTHOE pellleHne

T;(t) = —cost + 2sint
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1 00ITee pereHre HeOMHOPOIHOTO YPABHEHUS
Ty(t) = Age™" — cost + 2sint.
Omnpenenum Ay Tax, 9TOOBI BBITOIHSIOCH yeaoBue 3nadu Korrn:
Ty(0) = Ay — 1 =0,
Orkya
Ay =1

Torna
Ty(t) = e " — cost + 2sint.

Haiizem T7(t). Obiree pererne ypaBHEHUsT NMeET BUT
Ti(t) = Aje 16,
W3 wagaibroro yeaosus sagadn Ko Haxommm
Ty(0) = Ay = 12.

Nrak,
t

Tl(t) = 12€_E,
Ty(t) = e" — cost + 2sint,
T,t)=0, neN,n#1n#4

[Togcrapnas waiimenusie T, B dyHKImo (2.37), TOJYIUM peIIeHne

NCXOJHON 3a1a4n
u(z,t) = 12¢ 16 sin - + (e7" — cost + 2sint) sin 4a.

IaJtee jieaeM TPOBEPKY MOJIYIEHHOT'O OTBETA.

Orser. u(x,t) = 127/ Osing + (e — cost + 2sint) sin 4.
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4. HeomHopogHag cMelllaHHaS 3342494
JJig OOIMUX ypaBHeHUIT mapabomiecKoro THIla

Kak u B ciiydae ypaBHeHHI TuepOoIndecKoro Tuma, meroyn Py-
pbe IPUMEHUM U IIpU PEIIeHUN CMeIIaHHON 3aJa4n Jjs1 0ojee 00X
ypaBHEHHUH mapaboImIecKoro TUIIA.

IIpumep 1

Haiitu perenne HeOZHOPOIHOTO yPaBHEHUS
U — Upy + 22U, —u=c"sine—t, 0<z<m t>0, (2.38)
VIOBJIETBOPSIOINIEe TPAHUIHBIM YCIOBUIM
ul,_o=1+tul,_ =1+t (2.39)
1 HAYAJILHOMY YCJIOBUIO
ul,_y =14 €"sin2x. (2.40)

DTO cMeltanHag 3ajada J1Jid HeOJHOPOIHOIO YpaBHEHUS mapabosmte-
CKOTO THIIA C HEOJHOPOJHOCTHIO B TPAHUTIHBIX YCIOBHsIX. UTOOBI pe-
ATH TAKYIO 33/a9y, HeOOXOIUMO:

1) CHATH HEOTHOPOTHOCTD TPAHIUIHBIX YCI0BHi (2.38), T.€. momobpaTh
bysKIIO v(2, 1), YIOBIETBOPAIONYIO 3TUM ycaoBuaMm. T.k. oba 9Tu
YCJIOBUS SIBJISIFOTCS YCJIOBUSIMU TIEPBOTO POJIA, (DYHKIIO U(X, t) MOXKHO

B34TH B BUJIE

v(x,t)=1+t+%((1+t)—(1+t))=1+t;

2) pelreHre UCXOIHOM 3a1aur OyIeM UCKATh B BUIE

w(x,t) =1+t +w(z,t),
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riae w(x,t) — HOBast HEM3BECTHAS (DYHKITHS;
3) momcrasum u(x,t) =1+t +w(z,t) B ncxoznmyo 3amady

(2.38) — (2.39) — (2.40):
a) B ypaBHeHue (2.38)

14w — Wy + 2w, — (1+t) —w=¢€"sine —t, 0<zx<m t>0;
0) B TpaHuuHBIE yCI0BUA (2.39)

u‘$:():1+t+w‘$:0:]‘+t7

ul,_=1+t+wl,__ =1+t
B) B HadasibHOe ycioBue (2.40)
ul,_g =1+ w|,_, =1+ e"sin2z.

Takum 06pazom, mosrydaeM 3a1ady st pyHKIuw w(x,t) :

Wy — Wyp + 2w, —w =€"sine, 0<z<m, t>0;

w,eg =0, wl|,_, =0
w|,_, = e sin2x;

4) permM TosryueHHyI0 3aga4dy. OHa SBISIETCT HEOTHOPOIHON 3a1a-

Yeil ¢ HEOTHOPOJHOCTHIO B ypaBHeHnu. l[losTomy ee perenue Oyaem

HICKATh B BUJE pdAla

0

w(z, ) =Y T,(t)Xu(z),

i=1
rine X, (x) — cobcrBeHHbIE (DYHKIIMY BCIIOMOIaTEIbHOM OTHOPOIHON 3a-
n

Jaun.
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1. Pemaem BcmomMoraTeIbHYIO OZHOPOMHYIO 331a9y M/ HAXO0XKIEHUS

cOOCTBEHHBIX (DYHKITHIA:
Wy — Wey + 2w, — w = 0,

w|a::0 - 07 w|a::7r = 0.

BocnonbzoBaTbes JaHHBIMU, PEACTAaBIEHHBIMU B Tabymie 1, Mbl He

MOXKeM. ByzieM HCKaTh perieHue ypaBHEHUs B BUJIE
w(z,t) = X(x)T(t).

[Ipuuem

w‘x:() - w’.’L‘:’/T = 0.

OTKya
X(0)=X(m) =0,

[TojgcraBum dynimo w(x,t) = X(x)T(t) B 0JHOPOIHOE ypaBHEHIE

1, pa3/leInB TepeMeHHble, TMOIyIuM

XT' — X"T+2X'T — XT =0,
T"-T X"-2X
T X
[Tostomy dyukimss X (z) spisiercs pemenuem 3agaqdu [Typva —

= — )\ = const.

JImyBus:

X"~ 92X+ AX =0,

Pemmmm a1y 3amaay. Ob1mee perenne ypaBHEHUA UMeeT BUJ

X(x) =e"(Crcos VA — 1z + Cysin VA — 1x).
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3 rpaHUvIHBIX YCIOBU CaeayeT
X(0)=C1 =0,

X(m) = e"Cysin v\ — 1 = 0.
OTKya
sin VA — 1 = 0.
N
VI — 1 = m,n=1,2,....

Takum obpazom,

X, = e’sinnx.

2. llepexomuM K pelleHn0 OCHOBHOM 3ajaum Juid PpyHKIun w. He

perieHue OyjgeM UCKATh B BHUJIE

0

w(z,t) = Z T, (t)e" sinnx.

i=1
[Mogcraum w(zx,t) = Y = T,(t)e” sinnx B HEOIHOPOIHOE YPaBHE-

Hue JJid (PYHKIUU W:

o0 o0
g T e sinnx — g T,.e" (sin na + 2n cosnw — n*sinnx)+
i=1 i=1

(0.8} 0
+2 g T,e*(sinnx 4+ ncosnx) — g T,e*sinnr = e*sinx.
i=1 i=1
N

(0. ¢}
/ . .
g (T! 4 n*T},)e" sinnx = e” sin z.
i=1
.
CpaBuuBast K03 OUIUEHTHI IIPU OJUHAKOBBIX (DYHKIUAX €’ sinn,

TIOJTYYUM:
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npu n = 1:
T +1=1;
mpu n € N,n # 1:
T' +n*T, = 0.
[TopcraBuB QyHKITIIO

w(z,t) = Z T, (t)e" sinnx
i=1
B yCJIOBHE W|,_, = €”sin 2x, mosyanm

oo
W,y = ZTn(O)ex sinnx = e sin 2.
i=1

Orkyza

T,(0)=0, n € N,n #2.

Nrak, momyuman Tpu 3amaun Komm:

Tll + T, =1,

T1(0) = 0;

TY+ 4T, = 0,

1>(0) = 1;
T +n°T, =0,

T.(00=0, neN,n#1,n#2.
Tperbd 3ajaua nMeeT TOJbKO TpUBHAJBHOE pemieHue, T. K. 1, = 0
— O4YeBHJIHOE pellleHre 3TOoN 3ajaqdn, a 3ajada Ko, KaKk N3BEeCTHO,

nMeeT €JMHCTBECHHOE PEIICHNE.
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Haiigem T1(t). Obiee permenne JTUHEHHOTO HEOTHOPOIHOTO ypaBHe-

HUS TIEPBOTO TIOPAJIKA UMEeT BT
Ti(t) =e (A + €)= Are" + 1,
riae A; — npousBoJibHast nocroghrast. OnpenenuM A; Tak, 4TOOBI BbI-
TIOJTHSLIOCH ycytoBue 3ajaun Kotm:
Ty(0) = A, +1=0,
A =-—1.
Torna

Ti(t)=1—¢e".

Haitem Th(t). Ob1uee pereHue ypaBHeHUs
T0 4+ 4Ty = 0

MMeeT BU/I

Th(t) = Ase™™.

I3 HagaabHOTO yCJIOBUA 3aJadn Kol HaxoamMm

T5(0) = Ay = 1
Nrak,
Tl(t> = G_t — 1,
Tg(t) = 6_4t,

T.(t)=0, ne N,n#1,n#2.

[Toncrapnsasa vaiinenuwie 1, B MYHKIINIO

w(z,t) = Z T, (t)e" sinnzx,
i=1
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TOJIyYNM perienne 3a1a9n jijist pyHkumun w(x, t)
w(x,t) = (1 —e e'sinz + e *sin 2.
Torpa pemienne MCXOAHOI 3a1a9n
w(z,t) =14+t + (e —1)e"sinz + e *sin 2.

[TosyvenHbIil OTBET MOYKHO JIETKO TTPOBEPUTD.

Otser. u(z,t) =1+t + (1 — e ')elsina + e sin 2z.
5. aauBujayajibHbIE 33/IaHUS K TJIaBe 2

Samaga 17

HaiiTu pemenne cMmemnmanHoi 3a,1a4n:
Ut = 8u:17$7
ul,_y = sin3mx + sin dr.
U = OUygy,

17.2. u’x:O - 07 u’x:8 - 07
ul,_y = 3sinmr + 5sin 7.
Ut = Mgy,

173 ul,_g=0,ul,_3 =0,
ul,_q = 3sinTrx + Hsin 8mx.
Ut = 9uxx7

174 wul,_,=0,ul,_, =0,

ul,_y = 7sin2wx + 32sin 7.
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Ut = 20Uy,
17.5. u’x:O — 07 u’x:2 — 07

ul,_y = 12sin 6z + 3sin 7rz.

Ut = 25“}1’%7
17.6. u’x:() =0, U’x:&s =0,

ul,_y = 16sin mx + 2sin 3.

Ut = DUy,
17.7. u|x:0 = O7 u’g::g = O,

ul,_g = 9sin8rx + Hsin Irx.

U = 4UZBZE7
17.8. u’sz — 07 u’x:4 - 07

ul,_y = sinmx + 18sin 3mx.

Uy = 9u$$7
17.9. u’xzo =0, u’ng =0,

ul,_q = Tsinmz + 6sin 27z.

Ut = Ugy,
17.10. |,y =0,ul,_, =0,

ul,_y = 42sin mx + 3sin 3.

U = 3“’1‘&67
1711 u|_, =0, u|, 4, =0,

ul,_y = sinmx + 8sin 27x.
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17.12.

17.13.

17.14.

17.15.

17.16.

17.17.

17.18

Up = Oy,
ul,_o=0,ul,_3 =0,

ul,_, = 6sin3mx + sindnx.

Ut = 4“’33337
u‘xzo = 07 u‘x:? — 07

ul,_y = 2sin 2wx + 228in 8mx.

Ut = 16u:r1‘7
ul,_o=0,ul,_ =0,

ul,_y = 9sin 2z + sindnx.

Ut = 36ux$7
u‘q;:() — 07 u‘q;:él — 07

ul,_y = 32sinmx + sin 8wz,

Uy = 971/:1:1:7
ul,_o=0,ul,_, =0,

ul,_g = 13sin Tmx.

Ut = 17“:&%‘7
u‘x:O - O’ u‘sz - 07

ul,_y = sin 2wz — S5 sin 37w.

Ut = Ugy,
ul,_o=0,ul,_s=0,

ul,_q = 24sin 2wz + Hsin 3.
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U = gy,
17.19. w| _,=0,ul,_, =0,

ul,_, = 7sin2mx + 8sin 3.

U = Suxxa
17.20. ’Uj‘mzo = O, U‘ng — 07

ul,_y = 3lsindnx + 14sin 27z,

Ut = 20Uy,
17.21. u‘x:() = 0, u\ng =0,

ul,_y = 123sin 2wz + 5sin 3mx.

Ut = 4u3:337
17.22. |,y =0, ul,_. =0,

ul,_y = 5sin3mx + 4sin dra.

Ut = 3“’1‘%7
17.23. u|,_o=0,ul, 5 =0,

ul,_y = 9sin Tmx + sin 8mx.

Ut = 25“:1):137
17.24. w| o =0,u|,_- =0,

ul,_y = sinmx + 3sin 5.

Ut = 2Ugy,
17.25. u‘m:O = O7 u|$:9 = O,

ul,_y = 9sin 3mx + 8sindnz.
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3aga4da 18

HafiTu pemenne cMmemanHol 3a1a49u:

U = 3U:m7
18.1. wy|,_g =0, uy|,_, =0,

ul,_o = 3cosbrz.

Uy = 6U:EI7
18.2. uﬁ‘x:() - 07 ux‘xzzl — 07

ul,_y = 2 cos 6mz.

Uy = 5uxx7
18.3. uﬁ‘xzo - O; u:p‘a;zg — 07

u’t:O = 15cos 13mzx.

Ut = 3611%;5,
18.4. um‘xzo - 07 ux‘a;:?, — 07

ul,_, = 8cos 12mx.

Uy = 4uxx7
18.5. ux‘xzo — 07 um‘x:7 - 07

ul,_y = 3cosImz.

Uy = 9“9&3:7
18.6. ux‘xzo — O, ux‘x:5 — 07

ul,_y = 2cos 12mx.



5. UHJIMBU/IYAJIbHBIE 3A/TAHUS K I'JIABE 2

101

18.7.

18.8.

18.9.

18.10.

18.11.

18.12.

18.13.

U = 4Uyy,

ux‘a::O — 07 u$‘$:9 - 07

ul,_, = — cos 6mz.

Um‘xzo =0, ux‘ng = 0,

ul,_y = 127 cos 3mx.

up = 49,

uﬂ?‘:p:O — 07 ul"x:1 — O’

ul,_q = 6cos 12mx.

Ut = 9ux$7

ul,_y = 13cosmx.

Uy = 4u$$ 3

uw|$:0 =0, u$|x:6 = U,

ul,_q = 32 cos 6mx.

Ut = gy,
ux‘x:() = 0, Ua:’x:n = 0,

ul,_y = 8cos Tmx.

Ut = 16u$$7

ul,_y = —5cosdmx.
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18.14.

18.15.

18.16.

18.17.

18.18.

18.19.

18.20.

Ut = Ugy,

ul,_, = 3cosdmx.

U = 9u$$7
u$‘x:O =0, Uy[,_1p = 0,

ul,_y = 17cos Tmz.

up = 4y,

ul,_y = —7cosdmx.

ux‘a::() - 07 uff’xzél - 07

ul,_y = —H4 cos Imx.

ul,_q = 31 cosbmx.

U = 4y,

ul,_y = 2cos Imx.

Ut = 9“’1‘&67

ul,_y = Scosdmx.
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U = 16uxl‘7
18.21. wy| o =0, u|,_o =0,

u‘t:O = —3cos9mx.

’U,t = 25?1%1‘,
18.22. ux‘x:() = O, Uq;’x:4 — 07

u‘t:O = 13 cos bmx.

Uy = 9uxw>
18.23. ufﬁ‘m:() — O, uf’lel - 07

u‘t:O = 12 cos 9.

Uy = 2511@3;,
18.24. ux‘:v:() = O, U;p’x:7 - 07

u\t:O = 24 cos bhmx.

U = 4u$$7
18.25. ux‘q;:() =0, u!E’x:15 =0,

u\t:O = 2cos 2.

3agaqga 19

HaiiTu pemenne cMmemnmanHoi 3a,1a490:

Uy = 4“9&3:7
191wy, =0, ul,_ 5 =0,

ul,_y = 24 cos 3mx.
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19.2.

19.3.

19.4.

19.5.

19.6.

19.7.

19.8.

Ut = Mgy,
ul,—o =0, u:v‘a;:3,5 =0,

ul,_o = sin 7.

uw‘x:() - 07 u‘x:2,5 - 07

ul,_y = 23 cos 3mx.

up = 16U,
u|:p:0 = 0, u:c‘$:175 =0,

ul,_y = 3sinbmx.

Uy = 4UZBZE7
Uy |,y =0, u‘x:2,5 =0,

ul,_y = 23 cos bmx.

U = 9u$$7
u’q}:O — 07 u$‘$:2,5 - O)

ul,_g = 4sinTrx.

Um‘x:o =0, u‘$:1,5 =0,

ul,_y = 3cosbmz.

u’m:(} — 07 uCE‘xZQ,E) — 07

ul,_y = 5sin 3mx.
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19.9.

19.10.

19.11.

19.12.

19.13.

19.14.

19.15.

U = Ny,
Uy |,y =0, u‘a::3,5 =0,

ul,_y = 23 cos 3mx.

U = 4“’33337
u‘xzo - 07 u$|x:275 - 07

ul,_y = 12sin 137z.

U = Ny,
Ux‘x:() = 0, u‘x:1’5 =0,

ul,_y = 14 cosdrz.

Ut = Ugy,
u‘x:o =0, Ux‘x:4,5 =0,

ul,_, = 7sindmx.

Ut = 81“:1):137
u‘x:() - 07 u$|;p:2’5 — O)

ul,_g = 23sin Tmx.

U = 4y,
ux‘x:() = 0, u‘x:1’5 =0,

ul,_, = 8cos 1omz.

U = 9“’1‘&67
u‘x:() — 07 u$|x:3,5 — 07

ul,_, = 31sin .
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19.16.

19.17.

19.18.

19.19.

19.20.

19.21.

19.22.

Ut = 16uxl‘7
Um‘x:() = 0, u‘x:1’5 =0,

ul,_y = 33 cos Tmz.

ul,—g =0, us|,_55=0,

ul,_y = 42sin 7.

U = Ny,
Ux‘x:() = 0, U‘x:2,5 =0,

ul,_y = 7cos 13mz.

u‘x:() =0, ux‘x:1,5 =0,

ul,_, = 15sin 7.

ul‘|;p:0 — 07 u|l‘:7’5 — 07

ul,_q = 12 cos 5mx.

Ut = 64ux1‘7
ul,_g =0, ux‘x:3,5 =0,

ul,_y = 24sin 137z.

Ux‘x:() =0, u|x:6,5 =0,

ul,_y = 44 cosdm.
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Ut = 16uxl‘7
19.23. |,y =0, u,], o5 =0,

ul,_, = 5sin Tmx.

up = 49,
19.24 Um‘wzo =0, u\$:175 =0,

ul,_y = 25 cos 3mx.

Uy = 9uxw>
19.25. u‘sz = O, U;p‘x:3’5 - 07

ul,_, = 15sin dHra.

Saga4ga 20

HafiTu pemenne cMmemnmanHoi 3a1a49u:

Ut = 49ux$7
201, u|,_,=—10,ul,_, =6,
ul,_y = —10 4+ 4z + 5sin 37x.

ur = 49U,
20.2. u’xzo = —4, u‘ng = 2,
ul,_y = —4 + 22 + 8sin 27z

Ut = 49“’:61‘7
203. ul_o=—8,ul,_, =4,
ul,_y = —8 + 62 + 3sin 87z.
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Ut = 16uxx7
204, w| =2 u| _,=—12,

ul,_g =2 — 2z + 9sin dSmx.

Ut = 36“}1’%7
205, w|,_y=—1,ul,_, = =5,

ul,_g = —1—2x + 5sin 3.

U = 36Uy,
206, u| _,=—12,ul,_, =2,
ul,_g = —12 4+ 7x + 9sin 3mx.

U = 30Uy,
20.7. u’sz - 67 u’xz? - 87
ul,_y =64 2x + 2sin97z.

Ut = 36Ux3;,
20.8. u’xzo = —5, u‘$:4 =7,
ul,_g = —5+ 3 + 3sin9Irx.

Ut = Mgy,
209. wul|,_,=—2,ul,_y = 16,
ul,_g = =2+ 22 + 2sin 137x.

Ut = 25ux$7
2010 w| = —3,ul, , = 12,
ul,_y = —3 4 5x + drsin 137x.
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20.11.

20.12.

20.13.

20.14.

20.15.

20.16.

20.17.

U = 4uyy,
ul,_o=4,ul,_s =9,

ul,_g =442+ 17sin7z.

Ut = 16uw$7

u‘xzo = _77 u|x:3 — 27

ul,_g = —7+ 32 + 12sin 37z.

Ut = 25Uy,
ul,—g = —4, ul,_5 = 16,

ul,_y = —4+ 4x + sin 97z,

up = 10Uy,
u‘x:() — 37 u‘x:?) — 127

ul,_y = 3+ 3x + 8sin 157x.

ul,_o=—9,ul,_, =3,

ul,_g = —9 + 62 + Tsin4drz.

u‘xzo - 17 u‘x:l - 77

ul,_y = 14 6x + 13sin 5mz.

Ut = 16u$$7
u‘xzo = 47 u‘x:fi — 167

ul,_y =4+ 2x + sin 3mx.
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Ut = Mgy,
2018 w|,_,=—9,ul, , = 11,
ul,_g = =9+ 5z + 12sin 37z.

Ut = 9u$$7
2019 ul,_,=4,u|,_; =14,
ul,_g =4+ 2x + 3sin 127x.

U = Mgy,
20.20. w|,_, =8, u|,_s =2,

Ul,_y =8 — 2z + 5sin 1271z

Ut = 9ux$7
2021, |, = —3,ul,_, =9,
ul,_y = =3+ 4x + 4sin 127z.

U = 4“’1’1}7
2022. u|,_,=5,u|,_- =15,

ul,_g =5+ 22 + 8rsin brx.

Uy = Ay,
20.23. ul,_y= -2 ul,_, =4,
Ul,_g = —2+ 6x + 12sin7z.

Ut = 4“’1‘%7
2024, w| =3, ul,_, =12,
ul,_y = 3+ 3x + Trsin 16ma.



5. UHJIMBU/IYAJIbHBIE 3A/TAHUS K I'JIABE 2 111

U = 4ux:1c7
20.25. w|,_,= -8, ul,_, =4,
u‘t:O = —8 4 6x + 7sindrx.

3aga4ga 21

HafiTu pemenne cMmemnanHoi 3a1a4u:

up = 16uy, + (sint + 2 cost) sin 6z,
21.1. u’sz — 07 u’x:ﬂ — 07

ul,_, = sin .

Up = Uyy + €* sin 8z,
212 u’x:() = O7 u’xzﬂ pr O7

ul,_, = 2sin 3x.

up = 4y, + 2 sin 3t sin 2z,
21.3. u’x:() =0, u’xzﬂ =0,

ul,_y = 6sin 7x.

Uy = ium + 5t sin 7z,
214, wu|,_o=0,ul,__=0,
ul,_y = 3sinz.

_ 1
t = 81

21.5. | _,=0,ul,__=0,

U Uy + COST SN 22,

ul,_y = 3sin 6.
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U = Uy, + e 'sin 3,
21.6. u’x:O — 07 u’.l":’/T = O’

ul,_, = sin4z.

U = 36Uy, + e*sin 2z,
21.7. u’xzo =0, u’xzﬁ =

ul,_, = 3sindx.

up = 36uy, + (sint + cost)sin 3z,
21.8. ul,_,=0,u|,__ =0,

Ul,_g = sinx.

Uy = 316um (t — 1)sin bz,

21.9. u’x =0, u’ =0,

ul,_y = 2sin 2x.

1
36

21.10. u‘xzo =0, u‘xzﬂ =

Ut = 3=Uyr + 4 costsin2x,

ul,_y = Hsin 3z.

up = 49U, + 3sin 2t sin x,
21.11. u‘x:O - 07 u‘wzﬂ -

ul,_, = sin 3z.

Uy = ﬁum + (t + 1) sin 2z,
2112 u‘xzo = O, u‘xzﬂ =

)

ul,_y = 3sinx.
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21.13.

21.14.

21.15.

21.16.

21.17.

21.18.

21.19.

Up = Uy + Hcostsin 21,

— 19
ul,_o=0,ul,__ =0,

ul,_, = 2sin ba.

up = 16Uy, + €' sin 2z,
ul,_o=0,ul,_ =0,

ul,_, = 3sindx.

up = 161y, + 3sin 2t sin 6,
U‘xzo - O? u‘$:7T - O’

ul,_y = 2sinz.

L,y + 5t sin T,

’UJLL:1—6

ul,_o=0,ul,__ =0,

ul,_, = 6sin 3z

Uy = 1—16um + (2 cost + sin t) sin 2z,
ul,_o=0,ul,__ =0,

ul,_ = sin bz.

U = 25Uy, + e ¥ sin Sz,
u‘x:O - O’ u‘x:ﬂ - 07

ul,_y = 4sinz.

Up = 20Uy + 3sin 4t sindx,
ul,_o=0,ul,_ =0,

ul,_y = 2sin 2x.
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21.20.

21.21.

21.22.

21.23.

21.24.

21.25.

U = gy + (26 + 1)) sin Tz,
ul,_o=0,ul,__ =0,

ul,_y = 3sinz.

Uy = 2—15um + 6 cos 3t sin 2z,
u‘.%':o — 07 u‘x:ﬂ' — 07

ul,_, = 2sin 2.

Uy = %um + cos 2t sin x,
u‘q;:() - 07 u‘x:ﬂ' - 07

ul,_y = 4sinzx, w,_, = 0.

u‘xzo — O’ u‘x:ﬂ — 07

ul,_, = sin 3.

Ut = Uy, + sintsin bz,
u‘xzo — O’ u‘x:ﬂ — 07

ul,_, = 3sinx.

U = My + e 2t sin T,
U‘IZO — 07 u‘x:w — 07

ul,_y = 2sin2x.



I'maBa 3

Peinenne kpaeBbIX 3aJia4 JAJIsI YpaBHEHIs
Jlammaca B npocreiiinmnx odJjacTax MeToI0M

Dypbe

1. 3amada /upuxie njsg ypaBHeHud Jlamigaca B Kpyre

[Tycrs Q2p — kpyr ¢ neaTpom B Touke (0,0) pagnyca R ¢ rpaHuneit
Sk:
Qp - {(z,y)|2* +* < R*},
Sp: {2* +y* = R*}.
I. Paccmorpum snympennioro sadayy Hupurae: Haiitu PyHKIINIO, rap-
MOHUYECKYIO B KpyTre {)p, HEIPEPHIBHYIO B {1, VIOBIETBOPAIOIIYIO 3a-

JAaHHOMY I'PaHUYIHOMY YCJIOBUIO, T. €.

Au=0, (z,y)€ Qg, (3.1)

uls, = f(P), P €S, (3.2)

npudeM f(P) aBiisiercst HelipepblBHO Judpdeperiupyemoii Ha cdepe S

byHKIIMEit.

115



116 1. BAJTAYA JINPUXJIE /1714 YPABHEHUS JIAIIJIACA B KPYT'E

B zamade (3.1) — (3.2) mepeiizieMm K MOJISIPHBIM KOODIMHATAM:

10 (0 1 02
Au(r, @) = - (7“8—1;) + ﬁa—; =0, (3.3)
ul,—p = fle),  flo+2m) = flp). (34)

U3 pusuiaecknx coobpaskeHuit (pyHKIW U (1, ) TOJKHA OBITH OTPAHU-
YeHHOI B Kpyre {)p 1 2m-nepuoantdeckoit pyHKITIelr:
u(r, g +2m) = u(r, @)
lu| < A, (r,p) € Qr, A>0.

Pertenne 3agaun OyneM UCKATb B BUJE

u(r, ) = F(r)®(e) (3-5)

[lopcrasus (3.5) B ypasuenue (3.3), moJtyaum

1 1
“F'O+ F'd+ S FO" = 0.
r r

2
YMHOKIM HOCTIeIHee PABHEHCTBO Ha 7'

T2F”—|—7“F/ CD"
F D

B mociegneM paBeHCTBe cjeBa CTOUT (PYHKIIUS, 3aBUCAIIAs OT IIepe-

MEHHOI 7, cIpaBa — OT IlepeMeHHOI (. PaBeHCTBO BO3MOXKHO, ecjn

0be 5T PYHKIMU paBHBI OJIHOM 1 TOM yKe KoHCcTaHTe A.
r?F" + rF’ o

5 3 (36)
PagercrBa (2.) — 970 J1Ba ypaBHEHMS
2F// F'

i ) (3.7)

F
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-5 =4 (3.8)

[Tpugem n3 nepuognaaocTH MYHKIUE U(T, () CAELYET MePUOAUIHOCTD
dbyukimn P(p). BeisgcHumM, Kakoit JoKHA ObITH KOHCTpaHTa A, 9TOObI
MOJIYIUTh 27 - MEePUOANIecKoe perenne ypasaerus (3.8).

1. Ilycts A < 0. ¥Ypasuenne (3.8) mmMeer BHL
"+ AD = 0.

OT0 JInHetHOe 00BIKHOBeHHOE JaudpepeHna bHoe YpaBHEHIE BTOPO-
I'0 IIOPAJKA C IIOCTOSHHBIMU Koddduiimenramu. YToObl €ro pelmTh,

COCTAaBUM XapaKTePUCTUIECKOe ypaBHEHNE
K+ A=0.
Kopan sT0ro ypaBHeHHId
ki=vV—-A, k=-V-A
BEIEeCTBEHHBI U pPasjndHbl. 1loaToMy 0o0Imee pemnienre nMmeeT B
O(p) = Ce V4% 4 CheV 4%,

Ho sTa hyHKIMSI He IBISIETCSa TeprogTIecKoi.
2. Ilycts A = 0.

Tornma ypaBuenue (2.) nMeeT BU

Ero obimee perenne
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Dra QYHKIUSA TaK:Ke He gBjdercd nepuoudeckoit mpu C # 0.
3. Ilyctb A > 0. Ionoxkum A = A2, Torga ypasnenue (2.) MOXKHO

3al1CaTh B BUJIE

" + N0 = 0.

XapaKTepucTuieckoe ypaBHeHIe

B+ X=0
NnMeeT MHUMBIE KOpHI/I

)\172 = 4q.
B sTom ciaydae obimee perenue
P(p) = Ccos A\p + Cysin A

OymeT 2m-TiepuoamdecKoil PyHKINEN TOJILKO Ipu A =n, n € 2.

lTak,

P, (p) = A, cos Ap + By, sin Ap. (3.9)

Haiinem dynxumio F(r). Uz ypasuenus (3.7) npu A = \* = n n

n # 0 moaydnM ypaBHeHHe Dilrepa
r’F" +rF —n*F = 0. (3.10)

Ero pemenne Oynem ncKaTh B BUJIE

F =r,
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r7Ie o — mapaMmeTp, HoJjIexKaluii onpeaeaennto. IlogcrtaBus a1y QyHK-

o B ypasaenue (3.10), mosyanm

ala — 1)r**r 4 ar® — n*r® = 0.

2

r*(a* —a+a—n?) =0.

Orkyna a = £n. Torma nmeem aBa JIMHEHHO HE3ABUCHUMBIX PEIIECHUs

ypasrenns (3.10):

CrenoBaTebHO, 00IIee PelleHre 3TOr0 YpaBHEHUsT UMeeT BU/I

Fo.(r)=Cur" + Dyr". (3.11)

Paccmorpum otmenbao ciaydait n = 0. B aToM ciydae mMmeeMm ypas-

HeHre, JOIycKalolee TTOHMKeHNe ToPa KA,
r’F" L rF = 0.

BeesieM HOBYIO HEM3BECTHYIO (DYHKIIAIO

F'=y,
2y’ 4+ ry =0,
;o1
y +-y=0.
r

[Tocneinee ypaBHeHUE ABISETCS JUHEHHBIM ypaBHEHNEM IIE€PBOIO IIO-
pAaKa, OHO TaKXKe ABJIACTCA YPABHEHUEM C PA3IEJAI0IMINMUCA TePpEMeH-

HbIMH. Ero obimee perenue

C
y= Coe = 0.
T
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Torna
Co
Fl(r)=—.
==
OTkyIa
Fo(’l”) = C()lﬂ?“—i—Do. (312)

Yunutsiag pasenctsa (3.9), (3.10) u (3.12), cocraBum hopMaIbHbIi

panL

u(r,p) = Colnr + Dy + Z(A” cosn + By, sinnp)(Cpr"™ + Dpr™").

n=1

n nnadge, nmepeobo3HavnB IIOCTOSAHHBIE:

u(r,o) = Colnr + Dy +

o (3.13)
+ Z ((Apr™ 4+ Cr™) cosnp + (Bur™" 4+ Dpr™) sinne) .
n=1

MuI cefiuac paccmaTpuBaeM BHYyTpeHHIO0 3aa4y Jupuxie. ObgacTb
Qg comepxut Touky (0, 0). [TosTomy, yauThiBas orpaHuIeHHOCTb QyHK-

mn u(r, @), Hy?KHO MOJIOXKUTH
Co=0, A,=0, B,=0,
TakK Kak Inr, r~" crpemdarcs K 6eckoneunocTu mnpu r — 0.
Torpma uz dopmysbr (3.13) mosryaum

u(r,o) = Do+ + Z r" (C, cosnp + D, sinnyp) . (3.14)
n=1

OnpeesnM Ipou3BoJIbHbIE TTocTosiHabIe Dy, C),, D, TaK, 9T0ObBI BBI-

TTOJTHSITIOCH TPAHUTHOE yesioBue (3.4)

ul,_p= ZR“ (Chcosnp + Dy sinng) = f(p).

n=0
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Pasnoxum dbyuximio f(p) B moaasrit pag Oypee 1o cucreme GyHKIH

{cosnzx,sinnz}:
o
F() = (e cosng + B, sinng),
n=0
rie oy, u (3, onpenesnsorcd no dopmyaam KoadduimenTo Pypowe. To-

1A
i R" (C), cosng + D, sinny) = i(an cosny + B, sinnep).
OTK;;ES -
C, = %, B, = %.

[TogcraBuB Haiigenubie Kosddunnentor B hopmyny (3.14), mosyanm

u(r, ) = i (%)n (o, cosn + By sinngp) . (3.15)

n=0

Hetpynuo mokazarsb, aro psif (3.15) CXOMUTCS U CXOAATCA PSAJIbL, T10-
JIy4deHHble 13 Hero qudpdepeHnmpoBaHneM JBaxK bl 1o x 1 110 t. Ciemo-
BaTesbHO, (hopmyita (3.15) maer perrerue BHyTpeHHeit 3agaqn Jupuxite
(3.3) — (3.4).

II. Paccmorpum smewmnioro sadawy /lupuxse: HaiTn GyHKIINIO, rap-
MOHMYECKYI0 BHE Kpyra {)p, HEIIPEPBIBHYIO BILIOTH JO I'PAHUIIBI, YIO-

BJIETBOPAIOIIYIO 33JIAaHHOMY I'DAHUYHOMY YCJIOBUIO, T. €.

Ay = 07 (il?,y) ¢ QR)

U‘T:R — f(gp).
Temnepb 00J1acThb, B KOTOPOII PacCMaTPUBAECTCs 3a/a4da, HEe COLEPXKUT

Touky (0, 0), HO OHA COTEPIKUT OECKOHETHO YIaJeHHYI0 TOUKY. [TosTomy
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B hopmyiie (3.13) HY>KHO MOJOKHUTD
00:07 Cn207 Dn:07

Tak Kak Inr, r" crpemMsarcsa K OECKOHEUHOCTU IPU ' — 00. Toraa Io-

Ty IUM
— 1
u(r, o) = Dy + E — (A, cosnp + B, sinnyp). (3.16)
/r»n
n=1

OnpegennM Ipon3BoJbHbBIE TTOCTOsSIHHBIE Dy, A, B, Tak, 4T00bI BbI-

MTOJIHAJIOCH TPaHUTIHOE ycioBue (3.4)

(0. 9]

1
ul,_p = Z T (A, cosng + By sinng) = f(p).

n=0
Paznoxxum pyskimio f(@) B mosHbli pag Pypbe 1o cucreMe OyHKIH

{cosnx,sinnx}:

o0

fle) = Z(ozn cosny + B, sinny),

n=0
rie oy, u (3, onpenesnsorcd no dopmyaam Koadduimento Pypowe. To-

1A
o o0
1 . .
Z T (A, cosnp + B, sinng) = Z(an cosny + B, sinnep).
n=0 n=0
OTKyIa

DO = O, An = CYan, Bn = Ban, n = 1, 2, cee .

[TogcraBuB Haitgenubie Kosddunnentor B hopmyny (3.16), mosyanm

ulr ) =3 <5> lancosng 4 fysinng) . (3.07)

T
n=0
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Ananmusupysa dopmynsr (3.15) u (3.17), MOXKHO cieaTh CJeIyOIInil
BBIBOJI

npu pewenuy suympenned u enewnet 3aday Jupurae i ypasche-
nua Jlanaaca 6 Kpyze 1eodT00UMO PA3A0AHCUMSD 2PAHUNHYIO DYHKUUIO
¢ noanwl pad Qypwve no cucmeme pynryud {cosny,sinnp} u xaoic-

n e
doe n-e caazaemoe IMoz20 PAJL YMHOHCUMD HA (L) s Hympermerl

R
sadavu Jupuxae u ma (%)n — daa enewrell.
ITpumep 1 (mpumep BbIMOJIHEHUS 3aa4n 22).

Permmuts 3aga4dy lupuxie aiaa ypaBHennd Jlammaca B Kpyre
Au=10,0<r <2,
u|,_, = 2cos® o — sin® o + sin .
OT0 BHYTPeHHsisi 3aja4a Jupuxie jist ypaBHenus Jlamaca B Kpyre.
Dyukrust, onpeenseMas gpopmysioit (3.15), maeT perreHue 9ToH 33712~

yn. VMcnonb3ys TpuronoMerpudeckre (popMyJibl TPOMHOIO YIIa, IPe-

CTaBUM I'PaHUYIHYIO0 PYHKIINIO B BU/JIE

u|,_y = 2cos’ p —sin® p + sinp =

3 1 3 1
:§cosg0+§cos?>g0—Esingo%—isin?)go%—singp:
2 + L cosBp + ~sing + ~sin3
—200890 2005 %) 481n<p 4sm ©.

g Toro 9To0ObI TIOJIYYUTh PEIIeHne 331291, HEOOX0INMO KaxKI0e Nn-e

- n
cjaraeMoil YMHOXKUTH Ha, (f) ;

2
(r. ) r (3 +1 _ +<7“ 31 5 +1 13
u\r = — | = COS — S1n - — COS — SII .

r

OtBet. u(r, p) =% (2cosp + 1sinp) + (g)g (3 cos3p + 1sin3p) .
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ITpumep 2 (mpumep BbIMOJTHEHUS 3a/1a4u 22)

Permuts 3amgady lupuxie:
Au=0, r>3,

ul,_s = 4cos® p — 4sin® o + 3sin @ + cos @ + 2.

910 BHemHssd 3aga4a Jupuxie. [IpeacraBuM rpaHndayio QyHKIIIO

B BUJIE

ul,_s = 4cos® p — 4sin® ¢ + 3sinp + cosp + 2 =

3 1 3 1
=4 (E COS ( + 1 COS 3gp) —4 (Z sin  — 1 sin Sgp) +3sin p+cos p+2 =

= 2+ 2c0s p + cos 3 4 sin 3.

g Toro 4TOOBI TOJIYYUTHL pelleHne 3aJa4un, HeOOXOINMO KarKIoe

n
n-€ CjaaraeMoe YyMHO>KHTDb Ha (%) .

3 3\’
u(r, o) = 2+;-2008<,0—|— (;) (cos 3¢ + sin 3¢p) .

Otset. u(r, p) =2+ Scosp + (%)3 (cos 3¢ + sin 3p) .

2. 3agada Jlmpmxjae ajiga ypaBHeHus Jlamigaca B KoJbIe u
KPYTOBOM CEKTOPE

Ecnu obmacts 2 — xombio {(r,¢)|R1 < 17 < Re,0 < ¢ < 27}, 0
OHa HE CONEPyKUT HU OECKOHEYHO yaaJeHHYyio Touky, Hu Touky (0,0).
Permenne BayTpenneii 3agaqn Jupuxie B 9TOM CIydae UIETCs 110 Ghop-
myJie (3.13) mpempiayinero naparpada, Mpou3BOJIbHBIE OCTOSHHBIE B

KOTOPOIT ONpenedioTCd N3 TPAHUYHBIX YCJIOBUN 3a/1a49M.
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IIpumep 1.
Permmuts 3agaqy [upuxie B KoJblie:
Au=0, 1<r<2,
u|,_; =1+ cos? p,
ul,_, = sin® .
Pemenne ypasuenus Jlamnaca maercs dpopmysoit (3.13)

u(r, ) = Colnr + Do+
+ Z ((Apr™" 4 Cor™) cosn + (Byr™" 4 Dpr™) sinneg) .
n=1

Onpenenum A,,, B,,, C,,, D,, Tak, 9T00bI BBIIIOJIHAINCH TPAHUYIHBIE YCIIO0-

Bus. CHagasia mpeodpasyeM IrpaHuvdHble PYHKIUN

L4+cos2¢p 3 1

1+cos2<p:1+ 5 —§+5005290,
. 9 I —cos2¢ 1 1 5
sin“ o = = — — —cos 2.
i 2 2 2
[TogcraBus (3.13) B TpaHUYHBIE YCIOBUSA, TOJTY THM
- , 31
ul,_, = Do—i—z ((A, + Cy) cosnp + (B, + D,) sinnyp) = 51508 2¢,
n=1
ul,_y = Coln2+ Do+
+ Z ((A,27" 4+ Cp2") cosnp + (By27" + D, 2" ) sinng) =
n=1
I 1 5
= — — —cos 2.
2 2

CpaBuuBast Ko3QUIMEHTHl IPU SINNT U COSNT, AJIs OlPeaeIeHNd

A,, D, B, C, T0IyIuM CUCTEMBI
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3
n =70 Do=3
Coln2—|-D():—
A2+02:%, By + Dy =0,
n=>2

1Ay +4C, = —3, | 1B2+4D, = 0.

A, +C, =0, B,+ D, =0,

n=#0, n+#2:
27"A, +2"C, =0, 27"B,+2"D,, = 0.

CiieoBaTesIbHO,
3 1 2 1
Dy=-, (Cy= Ay=—, (Cy=—=, By=0, Dy=0
0=75; 0= "1, 2= 3 2 G 2 ; 2 ;
A,=0, B,=0, C,=0, D,=0, n=1,3,4,...

Inr 3 2 2
u(r,gp):—ln—Q—l—é—F — —— .

l 2
Otser. u(r, p) = —72 + 3 + (— — %) :
[Tpumep 2 (mpumep BBITIOJHEeHUS 3a4a49u 23).
Haiitu permenne ypapaenns Jlamaaca B KpyroBoM ceKTope, Ha TPaHN-

e KOTOpPOIro NCKOMasd beHKLLI/IH YAOBJIETBOPACT 3aJJaHHBIM I'DaHWUYIHBIM

YCJIOBUSM.

Paccmotpum 3amaay dnpuxiie:

Au=0, 0<r<l, 0<p<3
ul,._, = sinbyp,
ul,_y =0,

u‘(p=ﬂ'/3 = 0.
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Ypapuenne Jlammaaca B MOJAPHBIX KOOPANHATAX UMeeT BU]L

12 @ +i@—0
ror \' or r20p?

Pemienne 3ajaun OymeM UCKATb B BHUJIE

u(r,p) = F(r)®(o)

[TomcraBus 3Ty byHKIMIO B ypaBHeHue Jlamiaca u pasgeaus IepeMeH-

HbIE, ITOJIyYNM
TQF” + T’Fl B (I)” B
F D

VuurhiBas rpaHidHble yeaoBud, Jisd Gyaknuit F(r) u ®(r) noaygyaem

— )\

38Tt
1) zagaga g P(p):
"+ NP =0.

<mm:o,®€y:@
2) samada gyt pyukimn F(r):
r?F" 4+ rF — 9n*F = 0.
|F(0)] < 0.
Perraem 3aa4ay 1): obiiee perienre ypaBHEHUs MEET B
P(p) = C1 cos Ap + Cysin Ap.

I3 rpaHUIHBIX YCJIOBHI CeayeT

(I)<O) — Cl — 07
(™) = Cysin 2T =
3/ T g T
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OTkyna
AT

=7mn, n=12 ..

> W
3

n, n=1,2,....
Torna
D, (p) = Cysin3np,n=1,2,... .
Permmim 3agaay 2).

Haiinem dyuknuio F(r). lng Hee npu A = 3n mojiydum ypaBHEHME

ditnepa
r2F" +rF' — 9n’F = 0.

Ero pemenne 6ynem uckaTb B Buje

F=r"
rIe (v — mapaMeTp, MojjIesKanuit onpenenernio. [logcrasus 51y yHK-
U0 B yPABHEHUE, MTOJTY UM

ala — 1)r*?r* 4 ar® — In?r® = 0,

r(a® —a +a —9n?) = 0.

Orkyna a = +3n. Torma nmeeM aBa JIMHEHHO HE3aBUCUMBIX PEIIEHUS

paccMaTpUBaeMOro ypaBHEHU:

CuenoBaTesibHO, 00IIlee PelIeHne 3TOr0 YpaBHEHNsT UMeeT BT

F,(r) = Cyr’n + D,r=".
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Cny4gait n = 0 B 3Toil 3ajade paccMaTPUBATh He HYKHO, TTOCKOJIBKY
npun =0 ®(p) =0, a crenoBarenbho, u u(r, ) = 0. Ho u(r, ) =0
He SIBJISETCs PelIeHneM PacCMaTpPUBaeMOil 3a1adu. Y UNThIBasI YCJIOBLE
orpanndeHHocT upu r = 0, HeobxoauMo 110a0KUThL [, = 0.

CoctaBuM (bopMaIbHBIN P

u(r, @) = Z(Cnr3")02 sin 3n.
n=1
N -
ulr,0) = S (Anr™) sin 3ngp.
n=1

rie Beejeno obosnadenue A, = C), - Os.
Onpegennm A, Tak, 9T00bI BBITOJIHSIIOCH IEPBOE TPAHUYHOE YCIOBHE

3aJIa9N:

o
ul,_, = Z A, sin 3np = sin 6¢p.
n=1

CnenoBaTeibHO, cpaBHUBas KOI(MMUIIMEHTHI IPU OJIMHAKOBBIX Sin 31,
HaligeMm

Ay=1, A,=0, n#2.

[TogcrapuB HaiinerHble KOI(DUINEHTH B QYHKIMIO U (T, ), MOy IIM

peuesmue 3aJa9m:

6

u(r, @) = r°sin 6.

6

OtBeT. u(r, ) = r°sin 6.
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3. MuaumBmayaJjibHble 3aJlaHUd K IjiaBe 3

Samada 22

Haiitu dyuximio, rapmonndeckyio B kpyre {dp (wim BHe Kpyra),

HEIIPEPhIBHYIO BILIOTH 0 I'PAHUIBI SR, YIOBJIETBOPAIOILYIO 3aJIaHHO-

MYy I'PAHUYHOMY YCJIOBUIO:

22.1.

22.2.

22.3.

22.4.

22.5.

22.6.

22.7.

22.8.

Au=0, 0<r<20<yp<2m,

u|,_, = 4cos p + 4sin’ ¢ + 3sin p + 3.
Au=0, r>1,0< ¢ < 2m,

u|,_, = 5cos p + sin’ ¢ + sin p — cos p.
Au=0, 0<r<1,0<yp<2m,
u|,_, = cos® p — 4sin® p + 2sin p — 6.
Au=0, r>3,0<p<2m,

u|,_y = 4sin® ¢ — 3sin @ + cos .
Au=0, 0<r<4,0<p<2m,
ul,_, = 8cos p — 3sin® p + sinp — 2 cos .
Au=0, r>1,0<¢<2m,

ul,_, = 5cos® p + sin’ ¢ + sin p — cos .
Au=0, 0<r<20<yp<2m,

u|,_, = 3cos> p — Tsin® p — 4cosp + 5.

Au=0, r>3,0< ¢ <27,
ul,_q = 2cos® p + 5Hsin’® p — sinp — 3cos p + 2.
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22.9.

22.10.

22.11.

22.12.

22.13.

22.14.

22.15.

22.16.

22.17.

22.18.

Au=0, 0<r<4,0<p<2r,

u|,_, = 6sin’ p + 3sinp — 5cosp + 1.

Au=0, r>1,0<p < 2m,
u|,_, = cos® p + 2sin’ p + Tsin ¢ — 3.

Au=0, 0<r<20<yp<2r,

u|,_, = cos p + 2sin’ @ + 9sin p — cos p.

Au=0, r>3,0<p<2m,
u|,_s = 4cos® o + 3sin’ p + sin ¢ — 2 cos .

Au=0, 0<r<4,0<yp<2m,

ul,_, = 2cos p +sin’ p + 3sin ¢ + cos p — 3.

Au=0, r>1,0< ¢ <2m,
ul,_, = 3cos® p + 5sin’  + sinp + 1.

Au=0, 0<r<2,0< <2,

ul,_y = 9cos® p + 2sin’ ¢ + cos p + 4.

Au=0, r>1,0<p<2m,
ul,_, = 2cos® p + 3sin® p + sin .

Au=0, 0<r<4,0<p<2m,

ul,_, = —12sin® p +sinp + 6cos p — 1.

Au=0, r>3,0<p<2m,

u|,_y = 7cos p — 3sin® p + cos .
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Au=0, 0<r<20<p<2m,

22.19.
u|,_y = 2cos p + 4sin® ¢ — 3.
Au=0, r>1,0< ¢ <2m,
22.20.
u|,_, = 3cos p + 2sin’ ¢ + sin p + 3 cos .
Au=0, 0<r<4,0<p <2,
22.21.
u|,_, = 2cos p + 3sin’ @ + sin p — cos p.
Au=0, r>3,0<p<2m,
22.22.
u|,_s = 5sin’ p + 2sin ¢ + 3 cos .
Au=0, 0<r<2,0< <2,
22.23.
u|,_y, = 3cos® o + Tsin® p + cos p — 3.
Au=0, r>3,0<p<2m,
22.24.
u|,_y = sin® p + 4sin ¢ + 3cosp — 5.
Au=0, 0<r<4,0<yp<2r,
22.25.
ul,_, = cos® p — 2sin’® p + cos .
Saga4da 23

Haiitu permenne ypaBHeHnd Jlammaca B KpyroBOM CeKTOPe, Ha TPaHU-

e KOTOPOI'o nCKOMasd CbYHKL[I/IH YAOBJIETBOPACT 3aJaHHBIM YCJIOBUAM:

23.1.

Au=0, 0<r<l1, 0<p<3,

ul,_, = 2sin 3y,

ul,—o =0, u]so:w/?) = 0.
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23.2.

23.3.

23.4.

23.9.

23.6.

23.7.

23.8.

Au=0, 0<r<1, 0<p<m,

ul,_y = 2cos2p — cos g,

Ul g =0, uy|,_, =0.

=0

Au=0, 0<r<l1, 0<p<g,

ul,_, = 3cos 15y,

Up| g =0, u]so:W/G = 0.

=0

Au=0, 0<r<l1, 0<p<i,

ul,_, = 13sin12¢p,

u’(pz() =0, u¢’¢:w/4 = 0.

_ 2m
Au=0, 0<r<l1, 0<p<=,

ul,_, = 8sin 3y,

u’gsz — 07 u’30:27r/3 = 0.

_ T
Au=0, 0<r<l1, 0<p<,

u|,._, = 6cos by,

u90’<p:O =0, u90’30:77r/6 = 0.

Au=0, 0<r<1, 0<p<i,

u|,_y = 5cos 10,

u90|90:() — O? u|<p:7r/4 = 0.

Au=0, 0<r<1, 0<p<3,

ul,_s = 12sin 7y,

ul,—g =0, uyl 0.

p=m/2 -
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_ 37
Au=0, 0<r<1, 0<p<-,
23.9. w|,_, = 6sindyp,

u’gpzo — 07 u’gpz?m‘/él = 0.
. om
Au=0, 0<r<1, 0<p <=,
23.10. w|,_,; = 3cos 4y,
uso‘gpzo =0, u@‘(p:5ﬂ/4 =0.
. 3T
Au=0, 0<r<1, 0<p<,
23.11. w|,_, = 12sin 3¢,
U‘go:o =0, “90‘90:37#2 = 0.
Au=0, 0<r<1, 0<p<g,
23.12. w|,_; = Tcos by,
Upl,—o =0, tf_rjp = 0.
. T
Au=0, 0<r<1, 0<p <,
23.13. w|,_, = 13sin Gy,
u‘gpzo = 07 u‘g0:57r/6 = 0.
. 4
Au=0, 0<r<l, 0<p <,
23.14. w|,_, = 17 cos 3¢,
us@‘gp:o =0, us@‘@:zm/?) = 0.
. 3T
Au=0, 0<r<1, 0<p<,

23.15. w|,_; = 9cos,

u@‘ — 07 u‘gp:?ﬁr/Q = 0.

v=0
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23.16.

23.17.

23.18.

23.19.

23.20.

23.21.

23.22.

Au=0, 0<r<1, 0<p<g,
ul,_, = 3sin 15¢p,

Uy =0, upl,_5=0.

Au=0, 0<r<l1, 0<p<3,
ul,_, = 17sin 9y,

U‘(p:o =0, u\(p:ﬂ/?) = 0.

Au=0, 0<r<1, 0<p<g,
ul,._, = 3cos2lyp,

ugp\wzo =0, u‘sozﬂ/fi = 0.

Au=0, 0<r<l1, 0<p<m,
ul,_, = 18 cos4y,

Ul ,mg =0, uy|,_, = 0.

Au=0, 0<r<I1, 0<p<g,
u|,._, = 20sin 15¢p,

ul,_g =0, uyl 0.

p=m/6 =

27
Au=0, 0<r<1, 0<p<,

u|,_; = 22sin 6y + sin ¢ — cos @,

uf,—q =0, u\so:%/g = 0.

Au=0, 0<r<l1, 0<p<j3,
u|,_; = 22 cos by,

Uy, =0, uw\(pzw/?) = 0.
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23.23.

23.24.

23.25.

Au=0, 0<r<1, 0<p<i,
u|,_, = 21 cos 14y,

u@‘gp:(} — O’ u‘(,DZW/Zl = 0.
Au=0, 0<r<1, 0<p<i,
u|,_, = 14sin 10¢p,

U‘gp:o =0, Us@‘@:w/zl =0.
Au=0, 0<r<l1, 0<op<m,
ul,_; = 25sin 3y,

u\wzo =0, = 0.

ul,,
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