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Ãëàâà 1

Ñìåøàííàÿ çàäà÷à äëÿ óðàâíåíèé

ãèïåðáîëè÷åñêîãî òèïà

1. Îäíîðîäíàÿ ñìåøàííàÿ çàäà÷à äëÿ âîëíîâîãî

óðàâíåíèÿ. Îáùàÿ ñõåìà ìåòîäà Ôóðüå

Ìàòåìàòè÷åñêîå îïèñàíèå ïðîöåññà ïîïåðå÷íûõ êîëåáàíèé ñòðó-

íû êîíå÷íîé äëèíû ñîñòîèò èç óðàâíåíèÿ, íà÷àëüíûõ è ãðàíè÷-

íûõ óñëîâèé. Ãðàíè÷íûå óñëîâèÿ ïîêàçûâàþò ÷òî ïðîèñõîäèò íà

êîíöàõ ñòðóíû â ëþáîé ìîìåíò âðåìåíè. Íà÷àëüíûå óñëîâèÿ çàäà-

þò ïðîôèëü ñòðóíû â íà÷àëüíûé ìîìåíò âðåìåíè è ñîîáùåííûé

ñòðóíå íà÷àëüíûé èìïóëüñ, îáóñëîâëèâàþùèé íåêîòîðîå ðàñïðåäå-

ëåíèå ñêîðîñòåé òî÷åê ñòðóíû. Òàêóþ çàäà÷ó íàçûâàþò ñìåøàííîé

çàäà÷åé.

Îïðåäåëåíèå. Ñìåøàííóþ çàäà÷ó íàçûâàþò îäíîðîäíîé, åñëè â

íåé îäíîðîäíî óðàâíåíèå è îäíîðîäíû (íóëåâûå) ãðàíè÷íûå óñëî-

âèÿ. Åñëè â çàäà÷å íåîäíîðîäíî óðàâíåíèå èëè ãðàíè÷íûå óñëîâèÿ

(èëè è òî è äðóãîå âìåñòå), òî çàäà÷ó íàçûâàþò íåîäíîðîäíîé.

Äëÿ èññëåäîâàíèÿ ñìåøàííîé çàäà÷è âî ìíîãèõ ñëó÷àÿõ óäîáåí
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òàê íàçûâàåìûé ìåòîä Ôóðüå, èëè ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ.

Ïðèìåíåíèå ýòîãî ìåòîäà ïðîèëëþñòðèðóåì íà èññëåäîâàíèè îäíî-

ðîäíîé ñìåøàííîé çàäà÷è äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû.

Ðàññìîòðèì çàäà÷ó î câîáîäíûõ êîëåáàíèÿõ ñòðóíû äëèíû l, çà-

êðåïëåííîé íà êîíöàõ. Èòàê, áóäåì èñêàòü ðåøåíèå çàäà÷è

utt = a2uxx, (1.1)

u|x=0 = 0, u|x=l = 0, (1.2)

u|t=0 = φ(x), ut|t=0 = ψ(x). (1.3)

Òðåáóåòñÿ íàéòè íåòðèâèàëüíîå ðåãóëÿðíîå â ïîëóïîëîñå

0 < x < l, t > 0 ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (1.1), óäîâëå-

òâîðÿþùåå îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì (1.2) è íà÷àëüíûì

óñëîâèÿì (1.3), ãäå φ(x), ψ(x) � çàäàííûå äîñòàòî÷íî ãëàäêèå äåé-

ñòâèòåëüíûå ôóíêöèè.

1. Íàéäåì âñïîìîãàòåëüíûå ðåøåíèÿ óðàâíåíèÿ (1.1), íå ðàâ-

íûå òîæäåñòâåííî íóëþ, óäîâëåòâîðÿþùèå îäíîðîäíûì ãðàíè÷íûì

óñëîâèÿì (1.2) è ïðåäñòàâèìûå â âèäå ïðîèçâåäåíèÿ

u(x, t) = X(x)T (t). (1.4)

Ïîäñòàâëÿÿ (1.4) â (1.1), ïîëó÷àåì

X(x)T ′′(t) = a2X ′′(x)T (t). (1.5)

Ðàçäåëèâ îáå ÷àñòè ðàâåíñòâà (1.5) íà a2X(x)T (t) ̸= 0, èìååì

XT ′′

a2XT
=
a2X ′′T

a2XT
= −λ, (1.6)
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ãäå λ � íåêîòîðàÿ ïîñòîÿííàÿ, òàê êàê ôóíêöèè ðàçíûõ ïåðåìåí-

íûõ ðàâíû äðóã äðóãó òîæäåñòâåííî òîëüêî òîãäà, êîãäà îáå îíè

ðàâíû îäíîé è òîé æå êîíñòàíòå. Ñëåäîâàòåëüíî, èç ñîîòíîøåíèÿ

(1.6) ïîëó÷àåì îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ

îïðåäåëåíèÿ ôóíêöèé X(x) è T (t):

X ′′ + λX = 0. (1.7)

T ′′ + a2λT = 0. (1.8)

Êðîìå òîãî, èç ãðàíè÷íûõ óñëîâèé (1.2) ìîæíî ïîëó÷èòü óñëîâèÿ

íà ôóíêöèþ X

u|x=0 = X(0))T (t) = 0,

u|x=l = X(l))T (t) = 0.

Òàê êàê T (t) ̸= 0 (èíà÷å ïîëó÷èì äëÿ ëþáîãî t òðèâèàëüíîå ðåøå-

íèå u ≡ 0), èç ïîñëåäíèõ ðàâåíñòâ ïîëó÷èì

X(0) = 0, X(l) = 0.

2. Äëÿ íàõîæäåíèÿ ôóíêöèèX(x) ïðèõîäèì ê ïðîñòåéøåé çàäà÷å

Øòóðìà � Ëèóâèëëÿ

X ′′ + λX = 0,

X(0) = 0, X(l) = 0.
(1.9)

Íåîáõîäèìî íàéòè òàêèå çíà÷åíèÿ ïàðàìåòðà λ, íàçûâàåìûå ñîá-

ñòâåííûìè, ïðè êîòîðûõ çàäà÷à (1.9) èìååò íåíóëåâûå ðåøåíèÿ,

à òàêæå íàéòè ýòè íåíóëåâûå ðåøåíèÿ, íàçûâàåìûå ñîáñòâåííûìè

ôóíêöèÿìè.

Îáùåå ðåøåíèå óðàâíåíèÿ (1.7) äàåòñÿ ôîðìóëàìè
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X(x) = C1e
√
−λx + C2e

−
√
−λx, åñëè λ < 0;

X(x) = C1 + C2x, åñëè λ = 0;

X(x) = C1 cos
√
λx + C2 sin

√
λx, åñëè λ > 0,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Èç âûðàæåíèÿ äëÿ îá-

ùåãî ðåøåíèÿ óðàâíåíèÿ (1.7) è ãðàíè÷íûõ óñëîâèé çàäà÷è (1.9)

ñëåäóåò, ÷òî ïðè λ ≤ 0 C1 = C2 = 0, ò.å. X(x) ≡ 0. Ïðè λ > 0

èìååì

X(0) = C1 cos
√
λ0 + C2 sin

√
λ0 = 0,

ñëåäîâàòåëüíî, C1 = 0. Òîãäà

X(l) = C2 sin
√
λl = 0.

Òàê êàê C2 ̸= 0, òî

sin
√
λl = 0.

Òîãäà
√
λl = πn.

Èëè λn =
(
πn
l

)2
, n = 1, 2, ... � ñîáñòâåííûå çíà÷åíèÿ çàäà÷è Øòóð-

ìà � Ëèóâèëëÿ. Ñîîòâåòñòâóþùàÿ êàæäîìó ñîáñòâåííîìó çíà÷å-

íèþ ñîáñòâåííàÿ ôóíêöèÿ îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî êîíñòàíòû

Xn(x) = C2 sin
nπx

l
.

Áåç îãðàíè÷åíèÿ îáùíîñòè ïîëîæèì C2 = 1, òîãäà ñîáñòâåííûå

ôóíêöèè ïðèìóò âèä

Xn(x) = sin
nπx

l
, n = 1, 2, ... .
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Â çàâèñèìîñòè îò âèäà ãðàíè÷íûõ óñëîâèé èñõîäíîé çàäà÷è ìî-

ãóò áûòü ïîëó÷åíû ðàçëè÷íûå âèäû çàäà÷è Øòóðìà � Ëèóâèë-

ëÿ. Ïîëó÷àþùèåñÿ ïðè ýòîì ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå

ôóíêöèè ïðåäñòàâëåíû â òàáëèöå:

Òàáëèöà 1

Ãðàíè÷íûå Çàäà÷à Ñîáñòâåííûå Ñîáñòâåííûå

óñëîâèÿ Øòóðìà � Ëèóâèëëÿ çíà÷åíèÿ λn ôóíêöèè Xn

u|x=0 = 0,

u|x=l = 0

X ′′ + λX = 0,

X(0) = 0, X(l) = 0

λn =
(
πn
l

)2
,

n = 1, 2, ...

Xn = sin πnx
l

n = 1, 2, ...

ux|x=0 = 0,

ux=l = 0

X ′′ + λX = 0,

X ′(0) = 0, X(l) = 0

λn =
(
(2n+1)π

2l

)2
n = 0, 1, 2, ...

Xn = cos (2n+1)πx
2l

n = 0, 1, 2, ...

u|x=0 = 0,

ux|x=l = 0

X ′′ + λX = 0,

X(0) = 0, X ′(l) = 0

λn =
(
(2n+1)π

2l

)2
n = 0, 1, 2, ...

Xn = sin (2n+1)πx
2l

n = 0, 1, 2, ...

ux|x=0 = 0,

ux|x=l = 0

X ′′ + λX = 0,

X ′(0) = 0, X ′(l) = 0

λn =
(
πn
l

)2
n = 0, 1, 2, ...

Xn = cos πnx
l

n = 0, 1, 2, ...

3. Íàéäåì òåïåðü ðåøåíèå óðàâíåíèÿ (1.8), êîòîðîå ïðè λ = λn

èìååò âèä

T ′′
n + a2λnTn = 0.

Åãî ðåøåíèå

Tn(t) = An cos a
√
λnt +Bn sin a

√
λnt.

Èëè

Tn(t) = An cos
aπnt

l
+Bn sin

aπnt

l
,

ãäå An è Bn � ïðîèçâîëüíûå ïîñòîÿííûå. Òàêèì îáðàçîì, ïðè ëþ-
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áûõ An è Bn âñå ôóíêöèè

un(x, t) =

(
An cos

aπnt

l
+Bn sin

aπnt

l

)
sin

nπx

l

óäîâëåòâîðÿþò óðàâíåíèþ (1.1) è óñëîâèÿì (1.2).

4. Ðàññìîòðèì áåñêîíå÷íûé ðÿä

u(x, t) =

∞∑
n=1

(
An cos

aπnt

l
+Bn sin

aπnt

l

)
sin

nπx

l
. (1.10)

Åñëè ýòîò ðÿä ñõîäèòñÿ è ñõîäÿòñÿ ðÿäû, ïîëó÷åííûå èç íåãî äèô-

ôåðåíöèðîâàíèåì äâà ðàçà ïî x è äâà ðàçà ïî t, òî ðÿä (1.10)

ïðåäñòàâëÿåò ðåøåíèå óðàâíåíèÿ (1.1), óäîâëåòâîðÿþùåå óñëîâè-

ÿì (1.2).

5. Íàéäåì An è Bn òàê, ÷òîáû ôóíêöèÿ (1.10) óäîâëåòâîðÿëà

óñëîâèÿì (1.3). Èìååì

u|t=0 =

∞∑
n=1

An sin
nπx

l
= φ(x), (1.11)

ut|t=0 =

∞∑
n=1

anπ

l
Bn sin

nπx

l
= ψ(x). (1.12)

Ôóíêöèè φ(x) è ψ(x) ðàçëîæèì â ðÿäû Ôóðüå ïî ñîáñòâåííûì

ôóíêöèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ, â ðàññìàòðèâàåìîì ñëó÷àå

ïî

Xn(x) = sin
nπx

l
, n = 1, 2, ...

φ(x) =

∞∑
n=1

φn sin
nπx

l
, ãäå φn =

2

l

∫ l

0

φ(x) sin
nπx

l
dx, (1.13)

ψ(x) =

∞∑
n=1

ψn sin
nπx

l
, ãäå ψn =

2

l

∫ l

0

ψ(x) sin
nπx

l
dx. (1.14)



1. ÎÄÍÎÐÎÄÍÀß ÑÌÅØÀÍÍÀß ÇÀÄÀ×À ÄËß ÂÎËÍÎÂÎÃÎ ÓÐÀÂÍÅÍÈß 11

Ïîäñòàâëÿÿ (1.13) â (1.11), a (1.14) â (1.12), ïîëó÷èì

∞∑
n=1

An sin
nπx

l
=

∞∑
n=1

φn sin
nπx

l
,

∞∑
n=1

anπ

l
Bn sin

nπx

l
=

∞∑
n=1

ψn sin
nπx

l
.

Ñðàâíåíèå ýòèõ ðÿäîâ ïîêàçûâàåò, ÷òî äëÿ âûïîëíåíèÿ íà÷àëü-

íûõ óñëîâèé íàäî ïîëîæèòü

An = φn,
anπ

l
Bn = ψn.

Ñëåäîâàòåëüíî,

An =
2

l

∫ l

0

φ(x) sin
nπx

l
dx, Bn =

2

anπ

∫ l

0

ψ(x) sin
nπx

l
dx. (1.15)

Ó÷èòûâàÿ ðàâåíñòâà (1.15), èç ôîðìóë (1.10) ïîëó÷èì ðåøåíèå

ðàññìàòðèâàåìîé ñìåøàííîé çàäà÷è

u(x, t) =

∞∑
n=1

(
φn cos

aπnt

l
+

2

anπ
ψn sin

aπnt

l

)
sin

nπx

l
.

Ïðèìåð 1 (ïðèìåð âûïîëíåíèÿ çàäà÷è 11).

Ðåøèòü ñìåøàííóþ çàäà÷ó äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû:

utt = uxx, (1.16)

u|x=0 = 0, u|x=2 = 0, (1.17)

u|t=0 = 0, ut|t=0 = 3 sin
πx

2
+ 6 sin

3πx

2
. (1.18)

1. Ýòà çàäà÷à îäíîðîäíà, ïîýòîìó ðåøåíèå áóäåì èñêàòü â âèäå

u(x, t) = X(x)T (t). (1.19)
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Ïîäñòàâëÿÿ (1.19) â (1.16), ïîëó÷àåì

X(x)T ′′(t) = X ′′(x)T (t).

Ðàçäåëèâ îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà íà X(x)T (t) ̸= 0, èìååì

T ′′

T
=
X ′′

X
= −λ, (1.20)

2. Èñïîëüçóÿ óñëîâèÿ (1.17), ïðèõîäèì ê çàäà÷å Øòóðìà � Ëè-

óâèëëÿ (ìîæíî èñïîëüçîâàòü äàííûå òàáëèöû; ó íàñ a = 1, l = 2) X ′′ + λX = 0,

X(0) = 0, X(2) = 0.

λn =
(πn

2

)2
, n = 1, 2, ... ;

Xn = sin
πnx

2
, n = 1, 2, ... .

3. Èç ðàâåíñòâà (1.20) ïîëó÷èì óðàâíåíèå

T ′′
n +

(πn
2

)2
Tn = 0.

Åãî ðåøåíèå

Tn(t) = An cos
πnt

2
+Bn sin

πnt

2
,

ãäå An è Bn � ïðîèçâîëüíûå ïîñòîÿííûå.

4. Òàêèì îáðàçîì, ðåøåíèå óðàâíåíèÿ (1.16), óäîâëåòâîðÿþùåå

ãðàíè÷íûì óñëîâèÿì (1.17), ïðèìåò âèä

u(x, t) =

∞∑
n=1

(
An cos

πnt

2
+Bn sin

πnt

2

)
sin

nπx

2
. (1.21)

Îïðåäåëèì êîýôôèöèåíòû An è Bn, èñïîëüçóÿ óñëîâèÿ (1.18)

u|t=0 =

∞∑
n=1

An sin
nπx

2
= 0,
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ut|t=0 =

∞∑
n=1

nπ

2
Bn sin

nπx

2
= 3 sin

πx

2
+ 6 sin

3πx

2
.

Ñðàâíèâàåì êîýôôèöèåíòû ïðè îäèíàêîâûõ sin nπx
2 . Èç ïåðâîãî

ðàâåíñòâà ñëåäóåò, ÷òî âñå An = 0. Ñðàâíèâàÿ êîýôôèöèåíòû âòî-

ðîãî ðàâåíñòâà, èìååì

ïðè n = 1: π
2B1 = 3, ñëåäîâàòåëüíî, B1 =

6
π ;

ïðè n = 3: 3π
2 B3 = 6, ñëåäîâàòåëüíî, B3 =

4
π ;

ïðè n = 1, 2, ... è n ̸= 1, n ̸= 3: Bn = 0.

Ïîäñòàâèì íàéäåííûå êîýôôèöèåíòû â ðåøåíèå (1.21), ïîëó÷èì

u(x, t) =
6

π
sin

πt

2
sin

πx

2
+

4

π
sin

3πt

2
sin

3πx

2
.

Îòâåò. u(x, t) = 6
π sin

πt
2 sin πx

2 + 4
π sin

3πt
2 sin 3πx

2 .

Ïðèìåð 2 (ïðèìåð âûïîëíåíèÿ çàäà÷è 13).

Ðåøèòü ñìåøàííóþ çàäà÷ó äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû:

utt = 25uxx, (1.22)

ux|x=0 = 0, u|x=3
2
= 0, (1.23)

u|t=0 = 14 cos 3πx, ut|t=0 = 0. (1.24)

1. Ýòà çàäà÷à îäíîðîäíà, ïîýòîìó ðåøåíèå áóäåì èñêàòü â âèäå

u(x, t) = X(x)T (t). (1.25)

Ïîäñòàâëÿÿ (1.25) â (1.22), ïîëó÷àåì

X(x)T ′′(t) = 25X ′′(x)T (t).

Ðàçäåëèâ îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà íà 25X(x)T (t) ̸= 0, èìååì

T ′′

25T
=
X ′′

X
= −λ, (1.26)
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2. Èñïîëüçóÿ óñëîâèÿ (1.23), ïðèõîäèì ê çàäà÷å Øòóðìà � Ëè-

óâèëëÿ (ìîæíî èñïîëüçîâàòü äàííûå òàáëèöû; ó íàñ a = 5, l = 3
2): X ′′ + λX = 0,

X ′(0) = 0, X(32) = 0;

λn =

(
(2n + 1)π

3

)2

, n = 0, 1, 2, ... ;

Xn = cos
(2n + 1)πx

3
, n = 0, 1, 2, ... .

3. Èç ðàâåíñòâà (1.26) ïîëó÷èì óðàâíåíèå

T ′′
n +

(
5(2n + 1)π

3

)2

Tn = 0.

Åãî ðåøåíèå

Tn(t) = An cos
5(2n + 1)πt

3
+Bn sin

5(2n + 1)πt

3
,

ãäå An è Bn � ïðîèçâîëüíûå ïîñòîÿííûå.

4. Òàêèì îáðàçîì, ðåøåíèå óðàâíåíèÿ (1.22), óäîâëåòâîðÿþùåå

ãðàíè÷íûì óñëîâèÿì (1.23), ïðèìåò âèä

u(x, t) =

∞∑
n=0

(
An cos

5(2n + 1)πt

3
+Bn sin

5(2n + 1)πt

3

)
×

× cos
(2n + 1)πx

3
.

(1.27)

Îïðåäåëèì êîýôôèöèåíòû An è Bn, èñïîëüçóÿ óñëîâèÿ (1.24):

u|t=0 =

∞∑
n=1

An cos
(2n + 1)πx

3
= 14 cos 3πx,

ut|t=0 =

∞∑
n=1

5(2n + 1)π

3
Bn cos

(2n + 1)πx

3
= 0.
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Ñðàâíèâàåì êîýôôèöèåíòû ïðè îäèíàêîâûõ cos (2n+1)πx
3 . Èç âòî-

ðîãî ðàâåíñòâà ñëåäóåò, ÷òî âñå Bn = 0. Ñðàâíèâàÿ êîýôôèöèåíòû

ïåðâîãî ðàâåíñòâà, ïîëó÷èì

ïðè n = 4: A4 = 14,

ïðè n ̸= 4: An = 0.

Ïîäñòàâèì íàéäåííûå êîýôôèöèåíòû â ðåøåíèå (1.27), èìååì

u(x, t) = 14 cos 15πt cos 3πx.

Îòâåò. u(x, t) = 14 cos 15πt cos 3πx.

2. Îäíîðîäíàÿ ñìåøàííàÿ çàäà÷à äëÿ ïðîèçâîëüíîãî

óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà

Ìåòîä Ôóðüå ïðèìåíèì äëÿ èññëåäîâàíèÿ áîëåå îáùèõ çàäà÷.

Ðàññìîòðèì ãèïåðáîëè÷åñêîå óðàâíåíèå

A(t)utt + C(x)uxx +D(t)ut + E(x)ux + (F1(t) + F2(x))u = 0 (1.28)

ñ äîñòàòî÷íî ãëàäêèìè êîýôôèöèåíòàìè A,C,D,E, F1, F2, ïðè÷åì

A(t) ≥ a0 > 0, C(x) ≤ c0 < 0, à a0 è c0 � ôèêñèðîâàííûå ïîñòî-

ÿííûå. Äëÿ óðàâíåíèÿ (1.28) ïîñòàâèì ñëåäóþùóþ çàäà÷ó: íàéòè

äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìîå ïðè 0 < x < l, t > 0 ðåøå-

íèå óðàâíåíèÿ, óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì

(α0u + β0ux)|x=0 = 0,

(α1u + β1ux)|x=l = 0
(1.29)

è íà÷àëüíûì óñëîâèÿì

u|t=0 = φ(x), ut|t=0 = ψ(x), (1.30)
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ãäå α0, α1, β0, β1 � çàäàííûå ïîñòîÿííûå, φ(x) è ψ(x) � çàäàííûå

ôóíêöèè.

Òî÷íî òàê æå, êàê è äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû, ñíà÷àëà

íàéäåì ðåøåíèÿ óðàâíåíèÿ (1.28) âèäà

u(x, t) = X(x)T (t), (1.31)

óäîâëåòâîðÿþùèå ãðàíè÷íûì óñëîâèÿì (1.29). Â ðåçóëüòàòå ïîä-

ñòàíîâêè (1.31) â óðàâíåíèå (1.28) ïîëó÷èì

A(t)XT ′′+C(x)X ′′T +D(t)XT ′+E(x)X ′T +(F1(t)+F2(x))XT = 0.

Èëè

A(t)T ′′

T
+
D(t)T ′

T
+ F1(t) = −C(x)X

′′

X
− E(x)X ′

X
+ F2(x) = −λ,

ãäå λ � ïîñòîÿííàÿ. Ýòè ðàâåíñòâà ïðåäñòàâëÿþò ñîáîé îòäåëüíûå

óðàâíåíèÿ äëÿ X è äëÿ T :

A(t)T ′′

T
+
D(t)T ′

T
+ F1(t) = −λ,

−C(x)X
′′

X
− E(x)X ′

X
+ F2(x) = −λ.

Èëè

C(x)X ′′ − E(x)X ′ + (F2(x) + λ)X = 0,

A(t)T ′′ +D(t)T ′ + (F1(t) + λ)T = 0. (1.32)

Ïîäñòàâèâ (1.31) â ãðàíè÷íûå óñëîâèÿ (1.29), ïîëó÷èì ãðàíè÷-

íûå óñëîâèÿ íà ôóíêöèþ X(x). Òàêèì îáðàçîì, äëÿ îïðåäåëåíèÿ

ôóíêöèè X(x) èìååì çàäà÷ó Øòóðìà � Ëèóâèëëÿ
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C(x)X ′′ − E(x)X ′ + (F2(x) + λ)X = 0,

(α0X + β0X
′)|x=0 = 0,

(α1X + β1X
′)|x=l = 0,

(1.33)

ðåøèâ êîòîðóþ, íàéäåì ñîáñòâåííûå çíà÷åíèÿ λn è ñîáñòâåííûå

ôóíêöèè Xn(x), n = 1, 2, ... .

Ïðè íàéäåííûõ â çàäà÷å (1.33) λn íàéäåì îáùèå ðåøåíèÿ Tn(t)

óðàâíåíèé (1.32), êîòîðûå áóäóò ñîäåðæàòü äâå ãðóïïû ïðîèçâîëü-

íûõ ïîñòîÿííûõ An è Bn, n = 1, 2, ... . Ïðè ýòîì ôóíêöèè un =

Xn(x)Tn(t) ïðè ëþáîì n è ëþáûõ An è Bn óäîâëåòâîðÿþò óðàâíå-

íèþ (1.28) è ãðàíè÷íûì óñëîâèÿì (1.29). Ðàññìîòðèì ðÿä

u(x, t) =

∞∑
n=1

Xn(x)Tn(t). (1.34)

Ïðåäïîëàãàÿ, ÷òî ýòîò ðÿä è ðÿäû, ïîëó÷åííûå èç íåãî äâóõêðàò-

íûì äèôôåðåíöèðîâàíèåì ïî x è ïî t, ðàâíîìåðíî ñõîäÿòñÿ, ïîä-

áåðåì An è Bn òàê, ÷òîáû âûïîëíÿëèñü íà÷àëüíûå óñëîâèÿ (1.30).

Ïîäñòàâëÿÿ íàéäåííûå An è Bn â (1.34), ïîëó÷èì ðåøåíèå èñõîäíîé

çàäà÷è.

Ïðèìåð 1.

Ðåøèòü ñìåøàííóþ çàäà÷ó äëÿ óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òè-

ïà: 
utt = uxx − 4u,

u|x=0 = 0, u|x=1 = 0,

u|x=0 = x2 − x, ut|t=0 = 0.
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Ýòà çàäà÷à ÿâëÿåòñÿ îäíîðîäíîé. Åå ðåøåíèå áóäåì èñêàòü â âèäå

u(x, t) = X(x)T (t).

Ïîäñòàâèâ ýòó ôóíêöèþ â èñõîäíîå óðàâíåíèå, ïîëó÷èì

T ′′(t)X(x) = X ′′(x)T (t)− 4X(x)T (t).

Ïîäåëèâ ïîñëåäíåå ðàâåíñòâî íà X(x)T (t) ̸= 0, èìååì

T ′′(t)

T (t)
=
X ′′(x)

X(x)
− 4.

Ïîëó÷èëîñü ðàâåíñòâî, â êîòîðîì ëåâàÿ ÷àñòü åñòü ôóíêöèÿ, çàâè-

ñÿùàÿ îò ïåðåìåííîé t, à ïðàâàÿ ÷àñòü � îò ïåðåìåííîé x. Ðàâåí-

ñòâî âîçìîæíî, åñëè åãî ïðàâàÿ è ëåâàÿ ÷àñòè ðàâíû îäíîé è òîé

æå êîíñòàíòå −λ. Ïðè÷åì â ïðàâîé ÷àñòè ðàâåíñòâà åñòü ñëàãàåìîå,

êîòîðîå íå çàâèñèò íè îò x, íè îò t. Åãî ðàöèîíàëüíåå ïåðåíåñòè â

ëåâóþ ÷àñòü, ÷òîáû ïîëó÷èòü óðàâíåíèå äëÿ ôóíêöèèX êàê ìîæíî

ïðîùå:
T ′′(t)

T (t)
+ 4 =

X ′′(x)

X(x)
= −λ.

Ýòè ðàâåíñòâà ïðåäñòàâëÿþò ñîáîé îòäåëüíûå óðàâíåíèÿ äëÿX(x)

è äëÿ T (t):
T ′′ + 4T

T
= −λ,

X ′′

X
= −λ.

Èëè

X ′′ + λX = 0,
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T ′′ + (4 + λ)T = 0.

Èç ãðàíè÷íûõ óñëîâèé çàäà÷è èìååì

u|x=0 = X(0)T (t) = 0,

u|x=1 = X(1)T (t) = 0.

Îòêóäà (òàê êàê T (t) ̸= 0)

X(0) = 0, X(1) = 0.

Èòàê, äëÿ îïðåäåëåíèÿ ôóíêöèè X(x) ïîëó÷èëè çàäà÷ó Øòóðìà �

Ëèóâèëëÿ.  X ′′ + λX = 0,

X(0) = 0, X(1) = 0.

Ñîáñòâåííûå çíà÷åíèÿ ýòîé çàäà÷è

λn = (πn)2, n = 1, 2, ... .

Èì ñîîòâåòñòâóþò ñîáñòâåííûå ôóíêöèè

Xn(x) = sinnπx, n = 1, 2, ... .

Ïðè íàéäåííûõ λn ðåøèì óðàâíåíèå äëÿ ôóíêöèè T (t) :

T ′′
n + (4 + (πn)2)Tn = 0.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ

Tn(t) = An cos
√

4 + (πn)2t +Bn sin
√

4 + (πn)2t, n = 1, 2, ... .

Ðàññìîòðèì ðÿä

u(x, t) =

∞∑
n=1

(An cos
√
4 + (πn)2t +Bn sin

√
4 + (πn)2t) sinnπx.
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Ïðåäïîëàãàÿ, ÷òî ýòîò ðÿä è ðÿäû, ïîëó÷åííûå èç íåãî äâóõêðàò-

íûì äèôôåðåíöèðîâàíèåì ïî x è ïî t, ðàâíîìåðíî ñõîäÿòñÿ, ïîä-

áåðåì An è Bn òàê, ÷òîáû âûïîëíÿëèñü íà÷àëüíûå óñëîâèÿ çàäà÷è:

u|x=0 =

∞∑
n=1

An sinnπx = x2 − x,

ut|t=0 =

∞∑
n=1

Bn

√
4 + (πn)2 sinnπx = 0.

Ðàçëîæèì ôóíêöèþ x2−x â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöè-

ÿì Xn(x) = sin πnx, n = 1, 2, ...:

x2 − x =

∞∑
n=1

αn sinnπx,

ãäå

αn = 2

∫ 1

0

(x2 − x) sin πnxdx.

Î÷åâèäíî,

An = αn,

Bn = 0, n = 1, 2, ... .

Íàéäåì αn :

αn = 2

∫ 1

0

(x2 − x) sin πnxdx =

=

 u = x2 − x, du = (2x− 1)dx,

dv = sin πnxdx, v = − 1
πn cos πnx

 =

= −2(x2 − x)
1

πn
cosπnx

∣∣∣∣1
0

+
2

πn

∫ 1

0

(2x− 1) cos πnxdx =

=
2

πn

∫ 1

0

(2x− 1) cos πnxdx =



2. ÎÄÍÎÐÎÄÍÀß ÇÀÄÀ×À ÄËß ÏÐÎÈÇÂÎËÜÍÎÃÎ ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß 21

=

 u = 2x− 1, du = 2dx,

dv = cos πnxdx, v = 1
πn sin πnx

 =

=
2

(πn)2
(2x− 1) sin πnx

∣∣∣∣1
0

− 4

(πn)2

∫ 1

0

sin πnxdx =

=
4

(πn)3
cos πnx

∣∣∣∣1
0

=
4

(πn)3
((−1)n − 1) =

=

 0, n = 2k,

− 8
(πn)3

, n = 2k + 1, k = 0, 1, 2, ... .

Èòàê,

An = αn =

 0, n = 2k,

− 8
(πn)3

, n = 2k + 1, k = 0, 1, 2, ... .

Bn = 0, n = 1, 2, ... .

Ïîäñòàâëÿÿ íàéäåííûå êîýôôèöèåíòû â ôóíêöèþ u(x, t), ïîëó÷èì

ðåøåíèå èñõîäíîé çàäà÷è

u(x, t) = − 8

(π)3

∞∑
k=0

1

(2k + 1)3
cos
√

((2k + 1)2π2 + 4)t sin(2k + 1)πx.

Ïðèìåð 2.

Ðåøèòü ñìåøàííóþ çàäà÷ó äëÿ óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òè-

ïà: 
utt − 3ut = uxx + 2ux,

u|x=0 = 0, u|x=π = 0,

u|x=0 = e−x sin 3x, ut|t=0 = 0.

Óðàâíåíèå ñîäåðæèò ìëàäøèå ïðîèçâîäíûå, îäíàêî îíî îäíîðîä-

íî. Ãðàíè÷íûå óñëîâèÿ òàêæå îäíîðîäíû, ïîýòîìó çàäà÷à ÿâëÿåòñÿ
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îäíîðîäíîé. Ñîãëàñíî ìåòîäó Ôóðüå ðåøåíèå áóäåì èñêàòü â âèäå

u(x, t) = X(x)T (t).

Ïîäñòàâèâ ýòó ôóíêöèþ â èñõîäíîå óðàâíåíèå, ïîëó÷èì

T ′′(t)X(x)− 3T ′(t)X(x) = X ′′(x)T (t) + 2X ′(x)T (t).

Ïîäåëèâ ïîñëåäíåå ðàâåíñòâî íà X(x)T (t) ̸= 0, èìååì

T ′′(t)− 3T ′(t)

T (t)
=
X ′′(x) + 2X ′(x)

X(x)
.

Ïîëó÷èëîñü ðàâåíñòâî, â êîòîðîì ëåâàÿ ÷àñòü åñòü ôóíêöèÿ, çàâè-

ñÿùàÿ îò ïåðåìåííîé t, à ïðàâàÿ ÷àñòü � îò ïåðåìåííîé x. Ðàâåí-

ñòâî âîçìîæíî, åñëè åãî ïðàâàÿ è ëåâàÿ ÷àñòè ðàâíû îäíîé è òîé

æå êîíñòàíòå −λ :

T ′′(t)− 3T ′(t)

T (t)
=
X ′′(x) + 2X ′(x)

X(x)
= −λ.

Ýòè ðàâåíñòâà ïðåäñòàâëÿþò ñîáîé îòäåëüíûå óðàâíåíèÿ äëÿX(x)

è äëÿ T (t):
T ′′ − 3T ′

T
= −λ,

X ′′ + 2X ′

X
= −λ.

Èëè

X ′′ + 2X ′ + λX = 0,

T ′′ − 3T ′ + λT = 0.

Èç ãðàíè÷íûõ óñëîâèé çàäà÷è èìååì

u|x=0 = X(0)T (t) = 0,
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u|x=π = X(π)T (t) = 0.

Îòêóäà (òàê êàê T (t) ̸= 0)

X(0) = 0, X(π) = 0.

Èòàê, äëÿ îïðåäåëåíèÿ ôóíêöèè X(x) ïîëó÷èëè çàäà÷ó Øòóðìà �

Ëèóâèëëÿ:  X ′′ + 2X ′ + λX = 0,

X(0) = 0, X(π) = 0.

Ýòà çàäà÷à áîëåå ñëîæíàÿ, ÷åì â ïðåäûäóùåì ïðèìåðå. Óðàâíåíèå

ñîäåðæèò ìëàäøóþ ïðîèçâîäíóþ, è äëÿ îïðåäåëåíèÿ ñîáñòâåííûõ

çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé ìû íå ìîæåì âîñïîëüçîâàòüñÿ

òàáëèöåé. Íàéäåì ñíà÷àëà îáùåå ðåøåíèå óðàâíåíèÿ. Äëÿ ýòîãî

ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

k2 + 2k + λ = 0.

Îòêóäà

k1,2 = −1±
√
1− λ.

Èç òåîðèè çíàåì, ÷òî íåíóëåâûå ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è

ìîæíî ïîëó÷èòü òîëüêî ïðè êîìïëåêñíûõ êîðíÿõ õàðàêòåðèñòè÷å-

ñêîãî óðàâíåíèÿ. Ïîýòîìó 1− λ < 0. Òîãäà

k1,2 = −1± i
√
λ− 1.

Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä

X(x) = e−x(C1 cos
√
λ− 1x + C2 sin

√
λ− 1x).
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Ïîäñòàâèâ ýòî îáùåå ðåøåíèå â ïåðâîå èç ãðàíè÷íûõ óñëîâèé, ïî-

ëó÷èì

X(0) = C1 = 0.

Ó÷èòûâàÿ ïîñëåäíåå ðàâåíñòâî, ïîäñòàâèì îáùåå ðåøåíèå âî âòî-

ðîå èç ãðàíè÷íûõ óñëîâèé:

X(π) = e−πC2 sin
√
λ− 1π = 0.

Ïîñêîëüêó âñå ñîìíîæèòåëè, êðîìå ïîñëåäíåãî, îòëè÷íû îò íóëÿ,

èìååì

sin
√
λ− 1π = 0,

√
λ− 1π = πn, n = 1, 2, ... .

Îòêóäà ñîáñòâåííûå çíà÷åíèÿ

λn = n2 + 1, n = 1, 2, ... .

Áåç îãðàíè÷åíèÿ îáùíîñòè, ïîëàãàÿ C2 = 1, ïîëó÷èì ñîáñòâåííûå

ôóíêöèè çàäà÷è Øòóðìà � Ëèóâèëëÿ:

Xn(x) = e−x sinnx, n = 1, 2, ... .

Ïðè íàéäåííûõ λn ðåøèì óðàâíåíèå äëÿ ôóíêöèè T (t):

T ′′
n − 3Tn + (n2 + 1)Tn = 0.

Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

k2 − 3k + (n2 + 1) = 0.

Îòêóäà

k1,2 =
3±

√
9− 4(n2 + 1)

2
.
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Î÷åâèäíî, ÷òî ïðè n = 1 âûðàæåíèå, ñòîÿùåå ïîä çíàêîì ðàäèêàëà,

áîëüøå íóëÿ. Â ýòîì ñëó÷àå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

âåùåñòâåííû è ðàçëè÷íû:

k1 =
3 + 1

2
= 2, k2 =

3− 1

2
= 1.

Äëÿ n ≥ 2 âûðàæåíèå, ñòîÿùåå ïîä çíàêîì ðàäèêàëà, ìåíüøå íóëÿ,

à êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ÿâëÿþòñÿ êîìïëåêñíûìè:

k1,2 =
3± i

√
4(n2 + 1)− 9

2
.

Òîãäà îáùåå ðåøåíèå èìååò âèä

ïðè n = 1

T1(t) = A1e
t +B2e

2t,

ïðè n ≥ 2

Tn(t) = e3/2t

(
An cos

√
4(n2 + 1)− 9

2
t +Bn sin

√
4(n2 + 1)− 9

2
t

)
.

Ðàññìîòðèì ðÿä

u(x, t) = (A1e
t +B1e

2t)e−x sinx +

+ e
3
2t−x

∞∑
n=2

(
An cos

√
4(n2 + 1)− 9

2
t +Bn sin

√
4(n2 + 1)− 9

2
t

)
sinnx.

Ïðåäïîëàãàÿ, ÷òî ýòîò ðÿä è ðÿäû, ïîëó÷åííûå èç íåãî äâóõêðàò-

íûì äèôôåðåíöèðîâàíèåì ïî x è ïî t, ðàâíîìåðíî ñõîäÿòñÿ, ïîä-

áåðåì An è Bn òàê, ÷òîáû âûïîëíÿëèñü íà÷àëüíûå óñëîâèÿ çàäà÷è.

Èç ïåðâîãî íà÷àëüíîãî óñëîâèÿ èìååì

u|t=0 = (A1 +B1)e
−x sinx + e−x

∞∑
n=2

An sinnx = e−x sinx.
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Â äàííîì ïðèìåðå íåò íåîáõîäèìîñòè ðàñêëàäûâàòü íà÷àëüíóþ ôóíê-

öèþ â ðÿä Ôóðüå, òàê êàê îíà ÿâëÿåòñÿ îäíîé èç ñîáñòâåííûõ ôóíê-

öèé çàäà÷èØòóðìà � Ëèóâèëëÿ. Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè

îäèíàêîâûõ Xn = e−x sinnx, ïîëó÷èì

ïðè n = 1:

A1 +B1 = 1,

ïðè n ≥ 2:

An = 0.

Èç âòîðîãî íà÷àëüíîãî óñëîâèÿ, ó÷èòûâàÿ óæå íàéäåííûå êîýôôè-

öèåíòû An, èìååì

ut|t=0 = (A1 + 2B1)e
−x sinx + e−x

∞∑
n=2

Bn

√
4(n2 + 1)− 9

2
sinnx = 0.

Îòêóäà

A1 + 2B1 = 0,

Bn = 0, n = 2, 3, ... .

Òàêèì îáðàçîì, âñå êîýôôèöèåíòû, êðîìå A1 è B1, ðàâíû íóëþ.

Äëÿ îïðåäåëåíèÿ A1 è B1 èìååì ñèñòåìó óðàâíåíèé

A1 +B1 = 1,

A1 + 2B1 = 0,

Îòêóäà

A1 = 2, B1 = −1.
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Ïîäñòàâëÿÿ íàéäåííûå êîýôôèöèåíòû â ôóíêöèþ u(x, t), ïîëó-

÷èì ðåøåíèå èñõîäíîé çàäà÷è

u(x, t) = (2et − e2t)e−x sinx.

Îòâåò. u(x, t) = (2et − e2t)e−x sinx.

3. Íåîäíîðîäíàÿ ñìåøàííàÿ çàäà÷à äëÿ âîëíîâîãî

óðàâíåíèÿ ñ íåîäíîðîäíîñòüþ â óðàâíåíèè

Ðàññìîòðèì êîëåáàíèÿ îäíîðîäíîé ñòðóíû äëèíû l, çàêðåïëåí-

íîé íà êîíöàõ, ïîä äåéñòâèåì âíåøíåé ñèëû f (x, t), ðàññ÷èòàííîé

íà åäèíèöó äëèíû. Ýòà çàäà÷à ïðèâîäèò ê ðåøåíèþ íåîäíîðîäíîãî

óðàâíåíèÿ

utt = a2uxx + f (x, t) (1.35)

ïðè ãðàíè÷íûõ óñëîâèÿõ

u|x=0 = 0, u|x=l = 0 (1.36)

è íà÷àëüíûõ óñëîâèÿõ

u|t=0 = φ(x), ut|t=0 = ψ(x). (1.37)

Ðåøåíèå òàêîé çàäà÷è áóäåì èñêàòü â âèäå

u(x, t) =

∞∑
i=1

Tn(t)Xn(x), (1.38)

ãäå Xn(x) � ñîáñòâåííûå ôóíêöèè âñïîìîãàòåëüíîé îäíîðîäíîé çà-

äà÷è, à Tn(t) � íåîïðåäåëåííûå ïîêà ôóíêöèè, êîòîðûå îïðåäåëèì

òàê, ÷òîáû ôîðìóëà (1.38) äàâàëà ðåøåíèå çàäà÷è (1.35) � (1.36) �
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(1.37). Ðàññìîòðèì âñïîìîãàòåëüíóþ îäíîðîäíóþ çàäà÷ó:

utt = a2uxx,

u|x=0 = 0, u|x=l = 0.

Íàéäåì ñîáñòâåííûå ôóíêöèè ñîîòâåòñòâóþùåé çàäà÷è

Øòóðìà � Ëèóâèëëÿ:

Xn(x) = sin
nπx

l
, n = 1, 2, ... . (1.39)

Òîãäà ñ ó÷åòîì (1.38) è (1.39) ðåøåíèå èñõîäíîé çàäà÷è áóäåì

èñêàòü â âèäå

u(x, t) =

∞∑
i=1

Tn(t) sin
nπx

l
. (1.40)

Äàëåå îñíîâíàÿ èäåÿ ìåòîäà ñîñòîèò â ðàçëîæåíèè âíåøíåé ñèëû

f (x, t) è íà÷àëüíûõ ôóíêöèé φ(x) è ψ(x) â ðÿäû ïî òåì æå ñîá-

ñòâåííûì ôóíêöèÿì Xn(x) âñïîìîãàòåëüíîé îäíîðîäíîé çàäà÷è. Â

íàøåì ñëó÷àå èìååì

f (x, t) =

∞∑
i=1

fn(t) sin
nπx

l
, (1.41)

φ(x) =

∞∑
i=1

φn sin
nπx

l
, (1.42)

ψ(x) =

∞∑
i=1

ψn sin
nπx

l
, (1.43)

ãäå

fn(t) =
2

l

∫ l

0

f (x, t) sin
nπx

l
dx,

φn =
2

l

∫ l

0

φ(x) sin
nπx

l
dx,
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ψn =
2

l

∫ l

0

ψ(x) sin
nπx

l
dx.

Ïîäñòàâèâ ôóíêöèè u(x, t) â âèäå (1.40) è f (x, t) â âèäå (1.41) â

óðàâíåíèå (1.35), ïîëó÷èì

∞∑
i=1

(
T ′′
n +

(anπ
l

)2
Tn

)
sin

nπx

l
=

∞∑
i=1

fn(t) sin
nπx

l
.

Ñðàâíèâàÿ êîýôôèöèåíòû ôóíêöèîíàëüíûõ ðÿäîâ, ñòîÿùèõ ñëå-

âà è ñïðàâà â ïîñëåäíåì ðàâåíñòâå (êîýôôèöèåíòû ïðè îäèíàêîâûõ

sin nπx
l ), ïîëó÷èì îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ

ôóíêöèé Tn(t)

T ′′
n +

(anπ
l

)2
Tn = fn(t), n = 1, 2, ... . (1.44)

Ðåøèâ îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ (1.44), íàéäåì

Tn(t)

Tn(t) = T oon (t) + T ∗
n (t), n = 1, 2, ... ,

ãäå T oon (t) � îáùèå ðåøåíèÿ ñîîòâåòñòâóþùèõ îäíîðîäíûõ óðàâíå-

íèé, T ∗
n(t) � ÷àñòíûå ðåøåíèÿ íåîäíîðîäíûõ óðàâíåíèé.

Â íàøåì ñëó÷àå

T oon = An cos
anπt

l
+Bn sin

anπt

l
.

Òîãäà

Tn(t) = An cos
anπt

l
+Bn sin

anπt

l
+ T ∗

n (t), n = 1, 2, ... , (1.45)

ãäå An è Bn � ïðîèçâîëüíûå ïîñòîÿííûå. Äëÿ îïðåäåëåíèÿ An è Bn

áóäåì èñïîëüçîâàòü íà÷àëüíûå óñëîâèÿ (1.37). Ñíà÷àëà ïåðåïèøåì
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ðåøåíèå (1.40) ñ ó÷åòîì (1.45) â âèäå

u(x, t) =

∞∑
i=1

(
An cos

anπt

l
+Bn sin

anπt

l
+ T ∗

n (t)

)
sin

nπx

l
. (1.46)

Ïîäñòàâèì ðåøåíèå (1.46) â íà÷àëüíûå óñëîâèÿ (1.37). Ñ ó÷åòîì

(1.42) è (1.43) ïîëó÷èì

u|t=0 =

∞∑
i=1

(An + T ∗
n (0)) sin

nπx

l
=

∞∑
i=1

φn sin
nπx

l
,

ut|t=0 =

∞∑
i=1

(anπ
l
Bn + T ∗

n (0)
)
sin

nπx

l
=

∞∑
i=1

ψn sin
nπx

l
.

Îòêóäà

An + T ∗
n(0) = φn, n = 1, 2, ... ,

anπ

l
Bn + T ∗

n (0) = ψn, n = 1, 2, ... .

Èëè

An = φn − T ∗
n (0), n = 1, 2, ... ,

Bn =
l

anπ
(ψn − T ∗

n (0)) , n = 1, 2, ... ,

ò. å. êîýôôèöèåíòû An è Bn îïðåäåëåíû.

Ïîäñòàâèâ íàéäåííûå âûðàæåíèÿ â ðÿä (1.46), ïîëó÷èì ðåøåíèå

èñõîäíîé çàäà÷è, åñëè ðÿä (1.46) ïðè íàéäåííûõ An è Bn ðàâíî-

ìåðíî ñõîäèòñÿ, à òàêæå ðàâíîìåðíî ñõîäÿòñÿ ðÿäû, ïîëó÷åííûå

èç íåãî ïî÷ëåííûì äèôôåðåíöèðîâàíèåì ïî x è ïî t äâàæäû.

Çàìå÷àíèå. Çàäà÷ó ìîæíî áûëî ðåøèòü íåñêîëüêî èíà÷å. Ïîä-

ñòàâèòü ðÿä (1.40) íå òîëüêî â óðàâíåíèå (1.35), íî è â íà÷àëüíûå

óñëîâèÿ (1.37). Îòêóäà ñ ïîìîùüþ (1.42) è (1.43) ïîëó÷èòü íà÷àëü-

íûå óñëîâèÿ äëÿ ôóíêöèé Tn(t). Òîãäà äëÿ ôóíêöèé Tn(t) ïîëó÷èì
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çàäà÷è Êîøè, ðåøèâ êîòîðûå, ñðàçó îïðåäåëèì ïðîèçâîëüíûå ïî-

ñòîÿííûå, âõîäÿùèå â ôîðìóëó (1.45).

Ïðèìåð 1 (ïðèìåð âûïîëíåíèÿ çàäà÷è 15)

Íàéòè ðåøåíèå óðàâíåíèÿ

utt =
1

9
uxx + 24 cos 5t sin 3x (1.47)

ïðè ãðàíè÷íûõ óñëîâèÿõ

u|x=0 = 0, u|x=π = 0, (1.48)

è íà÷àëüíûõ óñëîâèÿõ

u|t=0 = 0, ut|t=0 = 0. (1.49)

Çàäà÷à íåîäíîðîäíàÿ ñ íåîäíîðîäíîñòüþ â óðàâíåíèè, ïîýòîìó

ðåøåíèå èùåì â âèäå

u(x, t) =

∞∑
i=1

Tn(t)Xn(x), (1.50)

ãäå Xn(x) � ñîáñòâåííûå ôóíêöèè âñïîìîãàòåëüíîé îäíîðîäíîé çà-

äà÷è.

1. Ðåøàåì âñïîìîãàòåëüíóþ îäíîðîäíóþ çàäà÷ó äëÿ íàõîæäåíèÿ

ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé:

utt =
1

9
uxx,

u|x=0 = 0, u|x=π = 0.

Âîñïîëüçóåìñÿ äàííûìè, ïðåäñòàâëåííûìè â òàáëèöå 1. Ó íàñ

a = 1
3, l = π. Ñîáñòâåííûå ôóíêöèè ñîîòâåòñòâóþùåé çàäà÷è
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Øòóðìà � Ëèóâèëëÿ äëÿ ýòîé çàäà÷è èìåþò âèä

Xn(x) = sin
nπx

π
= sinnx, n = 1, 2, ... .

2. Ïåðåõîäèì ê ðåøåíèþ îñíîâíîé çàäà÷è (1.47) � (1.48) � (1.49).

Åå ðåøåíèå áóäåì èñêàòü â âèäå

u(x, t) =

∞∑
i=1

Tn(t) sinnx. (1.51)

Ïîäñòàâèì (1.51) â óðàâíåíèå (1.47)

∞∑
i=1

(
T ′′
n +

(n
3

)2
Tn

)
sinnx = 24 cos 5t sin 3x.

Ñðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ sinnx, ïîëó÷èì

ïðè n = 3:

T ′′
3 +

(
3

3

)2

T3 = 24 cos 5t.

Èëè

T ′′
3 + T3 = 24 cos 5t.

Ïðè n ∈ N,n ̸= 3:

T ′′
n +

(n
3

)2
Tn = 0.

Ïîäñòàâèâ ðÿä (1.51) â óñëîâèÿ (1.49), ïîëó÷èì

u|t=0 =

∞∑
i=1

Tn(0) sinnx = 0,

ut|t=0 =

∞∑
i=1

T ′
n(0) sinnx = 0.

Îòêóäà

Tn(0) = 0,
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T ′
n(0) = 0, n = 1, 2, ... .

Èòàê, ïîëó÷èëè äâå çàäà÷è Êîøè:
T ′′
3 + T3 = 24 cos 5t,

T3(0) = 0,

T ′
3(0) = 0;

è 
T ′′
n +

(
n
3

)2
Tn = 0,

Tn(0) = 0,

T ′
n(0) = 0, n = 1, 2, 4, ... .

Âòîðàÿ çàäà÷à èìååò òîëüêî òðèâèàëüíîå ðåøåíèå, òàê êàê

Tn ≡ 0 � î÷åâèäíîå ðåøåíèå ýòîé çàäà÷è, à çàäà÷à Êîøè, êàê

èçâåñòíî, èìååò åäèíñòâåííîå ðåøåíèå.

Íàéäåì T3(t):

T3(t) = T oo3 (t) + T ∗
3 (t),

ãäå T oo3 (t) � îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíå-

íèÿ, T ∗
3 (t) � ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ.

Ðåøèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

T ′′
3 + T3 = 0.

Ýòî ëèíåéíîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî

ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Ñîñòàâèì õàðàêòåðèñòè-

÷åñêîå óðàâíåíèå

λ2 + 1 = 0.

Îíî èìååò ìíèìûå êîðíè

λ1,2 = ±i.
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Ïîýòîìó

T oo3 (t) = A3 cos t +B3 sin t,

ãäå A3 è B3 � ïðîèçâîëüíûå ïîñòîÿííûå.

×àñòíîå ðåøåíèå T ∗
3 (t) íåîäíîðîäíîãî óðàâíåíèÿ áóäåì èñêàòü

ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ. Ïóñòü

T ∗
3 (t) = a cos 5t + b sin 5t.

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ a è b ïîäñòàâèì ýòó ôóíêöèþ â

óðàâíåíèå è ñðàâíèì êîýôôèöåíòû ïðè cos 5t è sin 5t â ïðàâîé è

ëåâîé ÷àñòÿõ ïîëó÷åííîãî ðàâåíñòâà:

1 T ∗
3 = a cos 5t + b sin 5t,

0 (T ∗
3 )

′ = −5a sin 5t + 5b cos 5t,

1 (T ∗
3 )

′′ = −25a cos 5t− 25b sin 5t.

Çäåñü ñëåâà ðàññòàâëåíû êîýôôèöèåíòû, íà êîòîðûå ñîîòâåòñòâó-

þùèå ïðîèçâîäíûå óìíîæàþòñÿ â óðàâíåíèè. Èìååì

cos 5t(a− 25a) + sin 5t(b− 25b) = 24 cos 5t.

Îòêóäà

−24a = 24, a = −1,

−24b = 0, b = 0.

Òàêèì îáðàçîì, ÷àñòíîå ðåøåíèå

T ∗
3 = − cos 5t

è îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

T3(t) = A3 cos t +B3 sin t− cos 5t.
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ÎïðåäåëèìA3 èB3 òàê, ÷òîáû âûïîëíÿëèñü óñëîâèÿ çäà÷è Êîøè:

T3(0) = A3 − 1 = 0,

T ′
3(0) = B3 = 0.

Îòêóäà

A3 = 1, B3 = 0.

Òîãäà

T3(t) = cos t− cos 5t,

Tn = 0, n ∈ N,n ̸= 3.

Ïîäñòàâëÿÿ íàéäåííûå Tn â ðåøåíèå (1.51), ïîëó÷èì ðåøåíèå èñ-

õîäíîé çàäà÷è

u(x, t) = (cos t− cos 5t) sin 3x.

Äàëåå äåëàåì ïðîâåðêó ïîëó÷åííîãî îòâåòà.

Îòâåò. u(x, t) = (cos t− cos 5t) sin 3x.

Ïðèìåð 2 (ïðèìåð âûïîëíåíèÿ çàäà÷è 15).

Íàéòè ðåøåíèå óðàâíåíèÿ

utt =
1

16
uxx + 2e−t sin 4x (1.52)

ïðè ãðàíè÷íûõ óñëîâèÿõ

u|x=0 = 0, u|x=π = 0 (1.53)

è íà÷àëüíûõ óñëîâèÿõ

u|t=0 = 0, ut|t=0 = 0. (1.54)
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Çàäà÷à íåîäíîðîäíàÿ ñ íåîäíîðîäíîñòüþ â óðàâíåíèè, ïîýòîìó

ðåøåíèå èùåì â âèäå

u(x, t) =

∞∑
i=1

Tn(t)Xn(x), (1.55)

ãäå Xn(x) � ñîáñòâåííûå ôóíêöèè âñïîìîãàòåëüíîé îäíîðîäíîé çà-

äà÷è.

1. Ðåøàåì âñïîìîãàòåëüíóþ îäíîðîäíóþ çàäà÷ó äëÿ íàõîæäåíèÿ

ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé:

utt =
1

16
uxx,

u|x=0 = 0, u|x=π = 0.

Âîñïîëüçóåìñÿ äàííûìè, ïðåäñòàâëåííûìè â òàáëèöå 1. Ó íàñ

a = 1
4, l = π. Ñîáñòâåííûå ôóíêöèè ñîîòâåòñòâóþùåé çàäà÷èØòóð-

ìà � Ëèóâèëëÿ äëÿ ýòîé çàäà÷è èìåþò âèä

Xn(x) = sin
nπx

π
= sinnx, n = 1, 2, ... .

2. Ïåðåõîäèì ê ðåøåíèþ îñíîâíîé çàäà÷è (1.52) � (1.53) � (1.54).

Åå ðåøåíèå áóäåì èñêàòü â âèäå

u(x, t) =

∞∑
i=1

Tn(t) sinnx. (1.56)

Ïîäñòàâèì (1.56) â óðàâíåíèå (1.52)
∞∑
i=1

(
T ′′
n +

(n
4

)2
Tn

)
sinnx = 2e−t sin 4x.

Ñðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ sinnx, ïîëó÷èì

ïðè n = 4 :

T ′′
4 +

(
4

4

)2

T4 = 2e−t.
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Èëè

T ′′
4 + T4 = 2e−t.

Ïðè n ∈ N,n ̸= 4:

T ′′
n +

(n
4

)2
Tn = 0.

Ïîäñòàâèâ ðÿä (1.56) â óñëîâèÿ (1.54), ïîëó÷èì

u|t=0 =

∞∑
i=1

Tn(0) sinnx = 0,

ut|t=0 =

∞∑
i=1

T ′
n(0) sinnx = 0.

Îòêóäà

Tn(0) = 0,

T ′
n(0) = 0, n = 1, 2, ... .

Èòàê, ïîëó÷èëè äâå çàäà÷è Êîøè:
T ′′
4 + T4 = 2e−t,

T4(0) = 0,

T ′
4(0) = 0

è 
T ′′
n +

(
n
4

)2
Tn = 0,

Tn(0) = 0,

T ′
n(0) = 0, n = 1, 2, 3, 5, ... .

Âòîðàÿ çàäà÷à èìååò òîëüêî òðèâèàëüíîå ðåøåíèå, òàê êàê

Tn ≡ 0 � î÷åâèäíîå ðåøåíèå ýòîé çàäà÷è, à çàäà÷à Êîøè, êàê

èçâåñòíî, èìååò åäèíñòâåííîå ðåøåíèå.
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Íàéäåì T4(t):

T4(t) = T oo4 (t) + T ∗
4 (t),

ãäå T oo4 (t) � îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíå-

íèÿ, T ∗
4 (t) � ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ.

Ðåøèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

T ′′
4 + T4 = 0.

Ýòî ëèíåéíîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî

ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Ñîñòàâèì õàðàêòåðèñòè-

÷åñêîå óðàâíåíèå

λ2 + 1 = 0.

Îíî èìååò ìíèìûå êîðíè

λ1,2 = ±i.

Ïîýòîìó

T oo4 (t) = A4 cos t +B4 sin t,

ãäå A4 è B4 � ïðîèçâîëüíûå ïîñòîÿííûå.

×àñòíîå ðåøåíèå T ∗
4 (t) íåîäíîðîäíîãî óðàâíåíèÿ áóäåì èñêàòü

ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ. Ïóñòü

T ∗
4 (t) = ae−t.

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòà a ïîäñòàâèì ýòó ôóíêöèþ â óðàâ-

íåíèå è ñðàâíèì êîýôôèöèåíòû ïðè e−t â ïðàâîé è ëåâîé ÷àñòÿõ
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ïîëó÷åííîãî ðàâåíñòâà:

1 T ∗
4 = ae−t,

0 (T ∗
4 )

′ = −ae−t,
1 (T ∗

4 )
′′ = ae−t.

Çäåñü ñëåâà ðàññòàâëåíû êîýôôèöèåíòû, íà êîòîðûå ñîîòâåòñòâó-

þùèå ïðîèçâîäíûå óìíîæàþòñÿ â óðàâíåíèèè. Èìååì

e−t(a + a) = 2e−t.

Îòêóäà

2a = 2, a = 1,

Òàêèì îáðàçîì, ÷àñòíîå ðåøåíèå

T ∗
4 = e−t

è îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

T4(t) = A4 cos t +B4 sin t + e−t.

Îïðåäåëèì A4 è B4 òàê, ÷òîáû âûïîëíÿëèñü óñëîâèÿ çàäà÷è Êî-

øè:

T4(0) = A4 + 1 = 0,

T ′
4(0) = B4 − 1 = 0.

Îòêóäà

A4 = −1, B4 = 1.

Òîãäà

T4(t) = − cos t + sin t + e−t,

Tn = 0, n ∈ N,n ̸= 4.



40 3. ÍÅÎÄÍÎÐÎÄÍÀß ÇÀÄÀ×À Ñ ÍÅÎÄÍÎÐÎÄÍÎÑÒÜÞ Â ÓÐÀÂÍÅÍÈÈ

Ïîäñòàâëÿÿ íàéäåííûå Tn â ðåøåíèå (1.56), ïîëó÷èì ðåøåíèå èñ-

õîäíîé çàäà÷è

u(x, t) = (− cos t + sin t + e−t) sin 4x.

Äàëåå äåëàåì ïðîâåðêó ïîëó÷åííîãî îòâåòà.

Îòâåò. u(x, t) = (− cos t + sin t + e−t) sin 4x.

Ïðèìåð 3.

Íàéòè ðåøåíèå óðàâíåíèÿ

utt = 4uxx + 3t (1.57)

ïðè ãðàíè÷íûõ óñëîâèÿõ

ux|x=0 = 0, ux|x=2 = 0, (1.58)

è íà÷àëüíûõ óñëîâèÿõ

u|t=0 = cos πx, ut|t=0 = 0. (1.59)

Çàäà÷à íåîäíîðîäíàÿ ñ íåîäíîðîäíîñòüþ â óðàâíåíèè, ïîýòîìó

ðåøåíèå èùåì â âèäå

u(x, t) =

∞∑
i=1

Tn(t)Xn(x), (1.60)

ãäå Xn(x) � ñîáñòâåííûå ôóíêöèè âñïîìîãàòåëüíîé îäíîðîäíîé çà-

äà÷è.

1. Ðåøàåì âñïîìîãàòåëüíóþ îäíîðîäíóþ çàäà÷ó äëÿ íàõîæäåíèÿ

ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé:

utt = 4uxx,



3. ÍÅÎÄÍÎÐÎÄÍÀß ÇÀÄÀ×À Ñ ÍÅÎÄÍÎÐÎÄÍÎÑÒÜÞ Â ÓÐÀÂÍÅÍÈÈ 41

ux|x=0 = 0, ux|x=2 = 0.

Âîñïîëüçóåìñÿ äàííûìè, ïðåäñòàâëåííûìè â òàáëèöå 1.

Ó íàñ a = 2, l = 2. Ñîáñòâåííûå ôóíêöèè ñîîòâåòñòâóþùåé çàäà÷è

Øòóðìà � Ëèóâèëëÿ äëÿ ýòîé çàäà÷è èìåþò âèä

Xn(x) = cos
nπx

2
, n = 0, 1, 2, ... .

Â äàííîì ñëó÷àå λ = 0 ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì çàäà÷è

Øòóðìà � Ëèóâèëëÿ, X0 = 1.

2. Ïåðåõîäèì ê ðåøåíèþ îñíîâíîé çàäà÷è (1.57) � (1.58) � (1.59).

Å¸ ðåøåíèå áóäåì èñêàòü â âèäå

u(x, t) =

∞∑
i=1

Tn(t) cos
nπx

2
. (1.61)

Ïîäñòàâèì (1.61) â óðàâíåíèå (1.57)

∞∑
i=1

(
T ′′
n + 4

(nπ
2

)2
Tn

)
cos

nπx

2
= 3t.

Ñðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ cos nπx2 , ïîëó÷èì ïðè

n = 0:

T ′′
0 = 3t;

ïðè n ∈ N,n ̸= 0:

T ′′
n + (nπ)2Tn = 0.

Ïîäñòàâèâ ðÿä (1.61) â óñëîâèÿ (1.59), ïîëó÷èì

u|t=0 =

∞∑
i=1

Tn(0) cos
nπx

2
= cos πx,
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ut|t=0 =

∞∑
i=1

T ′
n(0) cos

nπx

2
= 0.

Îòêóäà, ñðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ cos nπx2 ,

T2(0) = 1,

Tn(0) = 0, n = 0, 1, 3, ... ,

T ′
n(0) = 0, n = 0, 1, 2, ... .

Èòàê, ïîëó÷èëè òðè çàäà÷è Êîøè:
T ′′
0 = 3t,

T0(0) = 0,

T ′
0(0) = 0.

(1.62)


T ′′
2 + 4π2T2 = 0,

T2(0) = 1,

T ′
2(0) = 0.

(1.63)


T ′′
n + (nπ)2Tn = 0,

Tn(0) = 0,

T ′
n(0) = 0, n = 1, 3, 4, ... .

(1.64)

Çàäà÷à (1.64) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå, òàê êàê

Tn ≡ 0 � î÷åâèäíîå ðåøåíèå ýòîé çàäà÷è, à çàäà÷à Êîøè, êàê

èçâåñòíî, èìååò åäèíñòâåííîå ðåøåíèå.

Ðåøèì çàäà÷ó (1.62) è íàéäåì T0(t). Îáùåå ðåøåíèå óðàâíåíèÿ

T0(t) =
t3

2
+ A0t +B0.

Èç íà÷àëüíûõ óñëîâèé èìååì

T0(0) = B0 = 0,
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T ′
0(0) =

(
3t2

2
+ A0

)∣∣∣∣
t=0

= A0 = 0.

Èòàê,

T0(t) =
t3

2
.

Ðåøèì çàäà÷ó (1.64) è íàéäåì T2(t). Íàéäåì îáùåå ðåøåíèå ëè-

íåéíîãî îäíîðîäíîãî îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Ñîñòàâèì

õàðàêòåðèñòè÷åñêîå óðàâíåíèå

λ2 + π2 = 0.

Îíî èìååò ìíèìûå êîðíè

λ1,2 = ±πi.

Ïîýòîìó

T2(t) = A2 cos πt +B2 sin πt,

ãäå A2 è B2 � ïðîèçâîëüíûå ïîñòîÿííûå. Îïðåäåëèì A2 è B2 òàê,

÷òîáû âûïîëíÿëèñü óñëîâèÿ çäà÷è Êîøè (1.63):

T2(0) = A2 = 1,

T ′
2(0) = πB2 = 0.

Îòêóäà

A2 = 1, B2 = 0.

Òîãäà

T2(t) = cos πt.
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Ïîäñòàâëÿÿ íàéäåííûå Tn â ðåøåíèå (1.61), ó÷èòûâàÿ, ÷òî âñå

Tn = 0, êðîìå T0 è T2, ïîëó÷èì ðåøåíèå èñõîäíîé çàäà÷è

u(x, t) = T0X0 + T2X2 =
t3

2
+ cos πt cosπx.

Äàëåå äåëàåì ïðîâåðêó ïîëó÷åííîãî îòâåòà.

Îòâåò. u(x, t) = t3

2 + cos πt cos πx.

4. Íåîäíîðîäíàÿ ñìåøàííàÿ çàäà÷à äëÿ âîëíîâîãî

óðàâíåíèÿ ñ íåîäíîðîäíîñòüþ â ãðàíè÷íûõ óñëîâèÿõ

Ðàññìîòðèì ñâîáîäíûå êîëåáàíèÿ îäíîðîäíîé ñòðóíû äëèíû l,

êîíöû êîòîðîé äâèæóòñÿ ïî îïðåäåëåííûì çàêîíàì. Ýòà çàäà÷à

ïðèâîäèò ê ðåøåíèþ óðàâíåíèÿ

utt = a2uxx (1.65)

ïðè ãðàíè÷íûõ óñëîâèÿõ

u|x=0 = µ1(t), u|x=l = µ2(t) (1.66)

è íà÷àëüíûõ óñëîâèÿõ

u|t=0 = φ(x), ut|t=0 = ψ(x). (1.67)

Ðåøèòü òàêóþ çàäà÷ó ñðàçó ìåòîäîì Ôóðüå ìû íå ìîæåì, ò.ê. íå

ñìîæåì âûïèñàòü óñëîâèÿ äëÿ çàäà÷èØòóðìà � Ëèóâèëëÿ. Ïîýòî-

ìó ñíà÷àëà ïîäáåðåì ôóíêöèþ v(x, t), óäîâëåòâîðÿþùóþ ãðàíè÷-

íûì óñëîâèÿì (1.66). Åñëè îáà óñëîâèÿ (1.66) ÿâëÿþòñÿ óñëîâèÿìè

ïåðâîãî ðîäà, òî ýòó ôóíêöèþ ìîæíî âçÿòü â âèäå

v(x, t) = µ1(t) +
x

l
(µ2(t)− µ1(t)).
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Åñëè õîòÿ áû îäíî èç óñëîâèé (1.66) ÿâëÿåòñÿ óñëîâèåì âòîðî-

ãî èëè òðåòüåãî ðîäà, òî ôóíêöèþ v ìîæíî ïîäîáðàòü îäíèì èç

ñëåäóþùèõ ñïîñîáîâ:

1). v(x, t) = (α1x+β1)µ1(t)+(α2x+β2)µ2(t), ãäå αi, βi � êîíñòàíòû,

êîòîðûå îïðåäåëÿþòñÿ òàê, ÷òîáû ôóíêöèÿ v(x, t) óäîâëåòâîðÿëà

óñëîâèÿì (1.66);

2). v(x, t) = (α1x
2 + β1x + γ1)µ1(t) + (α2x

2 + β2x + γ2)µ2(t), ãäå

αi, βi, γi � êîíñòàíòû, êîòîðûå îïðåäåëÿþòñÿ òàê, ÷òîáû ôóíêöèÿ

v(x, t) óäîâëåòâîðÿëà óñëîâèÿì (1.66)

3). v(x, t) = A(t)x2+B(t)x+C(t) ãäå A(t), B(t), C(t) � ôóíêöèè,

çàâèñÿùèå îò t, êîòîðûå îïðåäåëÿþòñÿ òàê, ÷òîáû ôóíêöèÿ v(x, t)

óäîâëåòâîðÿëà óñëîâèÿì (1.66).

Ïîíÿòíî, ÷òî ôóíêöèþ v ìîæíî íàéòè íå åäèíñòâåííûì îáðàçîì.

Äàëåå ðåøåíèå çàäà÷è áóäåì èñêàòü â âèäå ñóììû äâóõ ôóíêöèé

u(x, t) = v(x, t) + w(x, t), (1.68)

ãäå v � ôóíêöèÿ, óäîâëåòâîðÿþùàÿ ãðàíè÷íûì óñëîâèÿì (1.66),

w � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ.

Ïîäñòàâëÿÿ (1.68) â èñõîäíóþ çàäà÷ó (1.65) � (1.66) � (1.67), ïî-

ëó÷èì çàäà÷ó äëÿ ôóíêöèè w, êîòîðàÿ ¾ëó÷øå¿ èñõîäíîé òåì, ÷òî

ãðàíè÷íûå óñëîâèÿ â íåé ïîëó÷àòñÿ îäíîðîäíûìè:

wtt = a2wxx − vtt − a2vxx, (1.69)

ãðàíè÷íûå óñëîâèÿ

w|x=0 = 0, w|x=l = 0 (1.70)
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è íà÷àëüíûå óñëîâèÿ

w|t=0 = φ(x)− v|t=0 , wt|t=0 = ψ(x)− vt|t=0 . (1.71)

Ïîëó÷åííàÿ çàäà÷à ìîæåò áûòü îäíîðîäíîé èëè íåîäíîðîäíîé ñ

íåîäíîðîäíîñòüþ â óðàâíåíèè. Ðåøåíèå òàêèõ òèïîâ çàäà÷ áûëî

ðàññìîòðåíî â ïðåäûäóùèõ ïàðàãðàôàõ.

Ðåøèâ çàäà÷ó (1.69) � (1.70) � (1.71), íàéäåì ôóíêöèþ w(x, t) è

çàïèøåì ðåøåíèå èñõîäíîé çàäà÷è ïî ôîðìóëå (1.68).

5. Íåîäíîðîäíàÿ ñìåøàííàÿ çàäà÷à äëÿ âîëíîâîãî

óðàâíåíèÿ ñ íåîäíîðîäíîñòüþ â óðàâíåíèè

è â ãðàíè÷íûõ óñëîâèÿõ

Çàäà÷à î êîëåáàíèÿõ îäíîðîäíîé ñòðóíû äëèíû l ïîä äåéñòâè-

åì âíåøíåé âîçìóùàþùåé ñèëû ïðè óñëîâèè, ÷òî êîíöû ñòðóíû

äâèæóòñÿ ïî îïðåäåëåííûì çàêîíàì, ïðèâîäèò ê ðåøåíèþ íåîäíî-

ðîäíîãî óðàâíåíèÿ ñ íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè:

utt = a2uxx + f (x, t), (1.72)

ãðàíè÷íûå óñëîâèÿ

u|x=0 = µ1(t), u|x=l = µ2(t), (1.73)

è íà÷àëüíûå óñëîâèÿ

u|t=0 = φ(x), ut|t=0 = ψ(x). (1.74)

×òîáû ðåøèòü òàêóþ çàäà÷ó, íåîáõîäèìî:

1) ñíÿòü íåîäíîðîäíîñòü ãðàíè÷íûõ óñëîâèé (1.73), ò. å. ïîäî-

áðàòü ôóíêöèþ v(x, t), óäîâëåòâîðÿþùóþ ýòèì óñëîâèÿì;
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2) ðåøåíèå èñõîäíîé çàäà÷è èñêàòü â âèäå

u(x, t) = v(x, t) + w(x, t), (1.75)

ãäå v(x, t)�ôóíêöèÿ, óäîâëåòâîðÿþùàÿ ãðàíè÷íûì óñëîâèÿì (1.73),

w(x, t) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ;

3) ïîäñòàâèòü (1.75) â èñõîäíóþ çàäà÷ó (1.72) � (1.73) � (1.74)

è ïîëó÷èòü çàäà÷ó äëÿ ôóíêöèè w(x, t), ðåøèâ êîòîðóþ, ñìîæåì

çàïèñàòü îêîí÷àòåëüíîå ðåøåíèå.

Ïðèìåð (ïðèìåð âûïîëíåíèÿ çàäà÷è 14).

Íàéòè ðåøåíèå óðàâíåíèÿ

utt = 4uxx (1.76)

ïðè ãðàíè÷íûõ óñëîâèÿõ

u|x=0 = 1, u|x=4 = 9 (1.77)

è íà÷àëüíûõ óñëîâèÿõ

u|t=0 = 1 + 2x + 24 sin πx, ut|t=0 = 0. (1.78)

Çàäà÷à íåîäíîðîäíàÿ ñ íåîäíîðîäíîñòüþ â ãðàíè÷íûõ óñëîâèÿõ.

Ïîýòîìó

1. Ïîäáåðåì ôóíêöèþ v(x, t), óäîâëåòâîðÿþùóþ ãðàíè÷íûì óñëî-

âèÿì (1.77). Òàê êàê îáà èç óñëîâèé (1.77) ÿâëÿþòñÿ óñëîâèÿìè ïåð-

âîãî ðîäà, òî ýòó ôóíêöèþ ìîæíî âçÿòü â âèäå

v(x, t) = 1 +
x

4
(9− 1) = 1 + 2x.

2. Ðåøåíèå èñõîäíîé çàäà÷è èñêàòü â âèäå

u(x, t) = 1 + 2x + w(x, t), (1.79)
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ãäå w(x, t) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ.

3. Ïîäñòàâèì (1.79) â èñõîäíóþ çàäà÷ó (1.76) � (1.77) � (1.78) è

ïîëó÷èì çàäà÷ó äëÿ ôóíêöèè w(x, t).

Èç óðàâíåíèÿ (1.76) èìååì

wtt = 4wxx,

Èç ãðàíè÷íûõ óñëîâèé (1.77)

u|x=0 = (1 + 2x + w)|x=0 = 1 + w|x=0 = 1,

u|x=4 = (1 + 2x + w)|x=4 = 9 + w|x=4 = 9

èìååì

w|x=0 = 0, w|x=4 = 0.

Èç íà÷àëüíûõ óñëîâèé (1.78) ïîëó÷èì íà÷àëüíûå óñëîâèÿ äëÿ ôóíê-

öèè w:

u|t=0 = 1 + 2x + w|t=0 = 1 + 2x + 24 sin πx,

ut|t=0 = (1 + 2x + w)t|t=0 = wt|t=0 = 0.

Îòêóäà

w|t=0 = 24 sin πx, wt|t=0 = 0.

Èòàê, äëÿ ôóíêöèè w(x, t) ïîëó÷èëè ñëåäóþùóþ çàäà÷ó

wtt = 4wxx, (1.80)

w|x=0 = 0, w|x=4 = 0, (1.81)
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w|t=0 = 24 sin πx, wt|t=0 = 0. (1.82)

Ýòà çàäà÷à îäíîðîäíà, ïîýòîìó ðåøàåì åå ìåòîäîì Ôóðüå.

1. Ðåøåíèå áóäåì èñêàòü â âèäå

w(x, t) = X(x)T (t). (1.83)

Ïîäñòàâëÿÿ (1.83) â (1.80), ïîëó÷àåì

X(x)T ′′(t) = 4X ′′(x)T (t).

Ðàçäåëèâ îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà íà 4X(x)T (t) ̸= 0 èìååì

T ′′

4T
=
X ′′

X
= −λ, (1.84)

2. Èñïîëüçóÿ óñëîâèÿ (1.81), ïðèõîäèì ê çàäà÷å Øòóðìà � Ëè-

óâèëëÿ (ìîæíî èñïîëüçîâàòü äàííûå òàáëèöû. Ó íàñ a = 2, l = 4): X ′′ + λX = 0,

X(0) = 0, X(4) = 0;

λn =
(πn

4

)2
, n = 1, 2, ... ,

Xn = sin
πnx

4
, n = 1, 2, ... .

3. Èç ðàâåíñòâà (1.84) ïîëó÷èì óðàâíåíèå

T ′′
n +

(
2πn

4

)2

Tn = 0.

Åãî ðåøåíèå

Tn(t) = An cos
πnt

2
+Bn sin

πnt

2
,

ãäå An è Bn - ïðîèçâîëüíûå ïîñòîÿííûå.
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4. Òàêèì îáðàçîì, ðåøåíèå óðàâíåíèÿ (1.80), óäîâëåòâîðÿþùåå

ãðàíè÷íûì óñëîâèÿì (1.81), ïðèìåò âèä

w(x, t) =

∞∑
n=1

(
An cos

πnt

2
+Bn sin

πnt

2

)
sin

nπx

4
. (1.85)

Îïðåäåëèì êîýôôèöèåíòû An è Bn, èñïîëüçóÿ óñëîâèÿ (1.82):

w|t=0 =

∞∑
n=1

An sin
nπx

4
= 24 sin πx,

wt|t=0 =

∞∑
n=1

nπ

2
Bn sin

nπx

4
= 0.

Ñðàâíèâàåì êîýôôèöèåíòû ïðè îäèíàêîâûõ sin nπx
4 . Èç âòîðîãî

ðàâåíñòâà ñëåäóåò, ÷òî âñå Bn = 0, n = 1, 2, ... . Ñðàâíèâàÿ êîýôôè-

öèåíòû ïåðâîãî ðàâåíñòâà, èìååì

ïðè n = 4: A4 = 24,

ïðè n ̸= 4: An = 0, n = 1, 2, 3, 5, ... .

Ïîäñòàâèì íàéäåííûå êîýôôèöèåíòû â ðåøåíèå (1.85), ïîëó÷èì

w(x, t) = 24 cos 2πt sin πx.

Çàïèøåì ðåøåíèå èñõîäíîé çàäà÷è, èñïîëüçóÿ ôîðìóëó (1.79):

u(x, t) = 1 + 2x + 24 cos 2πt sin πx.

Î÷åâèäíî, íàéäåííàÿ ôóíêöèÿ óäîâëåòâîðÿåò óñëîâèÿì (1.81), (1.82)

çàäà÷è. Íåòðóäíî ïðîâåðèòü, ÷òî îíà óäîâëåòâîðÿåò òàêæå è óðàâ-

íåíèþ (1.80).

Îòâåò. u(x, t) = 1 + 2x + 24 cos 2πt sin πx.
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6. Èíäèâèäóàëüíûå çàäàíèÿ ê ãëàâå 1

Çàäà÷à 11

Íàéòè ðåøåíèå ñìåøàííîé çàäà÷è:

11.1.

utt = 81uxx,

u|x=0 = 0, u|x=5 = 0,

u|t=0 = sin πx, ut|t=0 = 18π sin 2πx.

11.2.

utt = 64uxx,

u|x=0 = 0, u|x=6 = 0,

u|t=0 = 2 sin πx, ut|t=0 = 8π sin πx.

11.3.

utt = 49uxx,

u|x=0 = 0, u|x=4 = 0,

u|t=0 = 3 sin 2πx, ut|t=0 = 21π sin 3πx.

11.4.

utt = 36uxx,

u|x=0 = 0, u|x=5 = 0,

u|t=0 = 4 sin 2πx, ut|t=0 = 12π sin 2πx.

11.5.

utt = 25uxx,

u|x=0 = 0, u|x=3 = 0,

u|t=0 = 5 sin 3πx, ut|t=0 = 20π sin 4πx.

11.6.

utt = 16uxx,

u|x=0 = 0, u|x=4 = 0,

u|t=0 = 6 sin 3πx, ut|t=0 = 12π sin 3πx.
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11.7.

utt = 9uxx,

u|x=0 = 0, u|x=2 = 0,

u|t=0 = 7 sin 4πx, ut|t=0 = 15π sin 5πx.

11.8.

utt = 4uxx,

u|x=0 = 0, u|x=3 = 0,

u|t=0 = 8 sin 4πx, ut|t=0 = 8π sin 4πx.

11.9.

utt = uxx,

u|x=0 = 0, u|x=1 = 0,

u|t=0 = 9 sin 5πx, ut|t=0 = 6π sin 6πx.

11.10.

utt = uxx,

u|x=0 = 0, u|x=3 = 0,

u|t=0 = 10 sin 5πx, ut|t=0 = 5π sin 5πx.

11.11.

utt = 4uxx,

u|x=0 = 0, u|x=2 = 0,

u|t=0 = 6 sin 6πx, ut|t=0 = 6π sin 3πx.

11.12.

utt = 25uxx,

u|x=0 = 0, u|x=4 = 0,

u|t=0 = 3 sin 7πx, ut|t=0 = π sinπx.

11.13.

utt = 16uxx,

u|x=0 = 0, u|x=3 = 0,

u|t=0 = 4 sin 3πx, ut|t=0 = 12π sin 6πx.
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11.14.

utt = 9uxx,

u|x=0 = 0, u|x=2 = 0,

u|t=0 = 14 sin πx, ut|t=0 = 9π sin 3πx.

11.15.

utt = 121uxx,

u|x=0 = 0, u|x=1 = 0,

u|t=0 = 2 sin πx, ut|t=0 = 3π sin 8πx.

11.16.

utt = 4uxx,

u|x=0 = 0, u|x=8 = 0,

u|t=0 = sin 3πx, ut|t=0 = 12π sin 6πx.

11.17.

utt = 36uxx,

u|x=0 = 0, u|x=6 = 0,

u|t=0 = sin 3πx, ut|t=0 = 15π sin 8πx.

11.18.

utt = 81uxx,

u|x=0 = 0, u|x=1 = 0,

u|t=0 = 9 sin 3πx, ut|t=0 = 9π sin 9πx.

11.19.

utt = 9uxx,

u|x=0 = 0, u|x=6 = 0,

u|t=0 = 9 sin 5πx, ut|t=0 = 6π sin 6πx.

11.20.

utt = 16uxx,

u|x=0 = 0, u|x=8 = 0,

u|t=0 = sin 3πx, ut|t=0 = 14π sin 2πx.
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11.21.

utt = 25uxx,

u|x=0 = 0, u|x=4 = 0,

u|t=0 = 10 sin 2πx, ut|t=0 = 2π sin 2πx.

11.22.

utt = 81uxx,

u|x=0 = 0, u|x=4 = 0,

u|t=0 = 5 sin 3πx, ut|t=0 = π sin 2πx.

11.23.

utt = 4uxx,

u|x=0 = 0, u|x=1 = 0,

u|t=0 = 9 sin 7πx, ut|t=0 = 18π sin 4πx.

11.24.

utt = 16uxx,

u|x=0 = 0, u|x=8 = 0,

u|t=0 = sin πx, ut|t=0 = 12π sin 2πx.

11.25.

utt = 36uxx,

u|x=0 = 0, u|x=1 = 0,

u|t=0 = 9 sin 3πx, ut|t=0 = 4π sin πx.

Çàäà÷à 12.

Íàéòè ðåøåíèå ñìåøàííîé çàäà÷è:

12.1.

utt = 9uxx,

ux|x=0 = 0, ux|x=3 = 0,

u|t=0 = 3 cos 5πx, ut|t=0 = 0.

12.2.

utt = 16uxx,

ux|x=0 = 0, ux|x=5 = 0,

u|t=0 = 0, ut|t=0 = 2 cos 5πx.
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12.3.

utt = 25uxx,

ux|x=0 = 0, ux|x=5 = 0,

u|t=0 = 5 cos 3πx, ut|t=0 = 0.

12.4.

utt = 36uxx,

ux|x=0 = 0, ux|x=6 = 0,

u|t=0 = 0, ut|t=0 = 8 cos 2πx.

12.5.

utt = 81uxx,

ux|x=0 = 0, ux|x=6 = 0,

u|t=0 = 34 cos 2πx, ut|t=0 = 0.

12.6.

utt = uxx,

ux|x=0 = 0, ux|x=4 = 0,

u|t=0 = 0, ut|t=0 = 2 cos 6πx.

12.7.

utt = 4uxx,

ux|x=0 = 0, ux|x=35 = 0,

u|t=0 = 12 cos πx, ut|t=0 = 0.

12.8.

utt = 9uxx,

ux|x=0 = 0, ux|x=5 = 0,

u|t=0 = 0, ut|t=0 = 12π cos 3πx.

12.9.

utt = 16uxx,

ux|x=0 = 0, ux|x=3 = 0,

u|t=0 = 7 cos 9πx, ut|t=0 = 0.
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12.10.

utt = 25uxx,

ux|x=0 = 0, ux|x=1 = 0,

u|t=0 = 0, ut|t=0 = 11π cosπx.

12.11.

utt = 36uxx,

ux|x=0 = 0, ux|x=4 = 0,

u|t=0 = 32 cos 6πx, ut|t=0 = 0.

12.12.

utt = 81uxx,

ux|x=0 = 0, ux|x=2 = 0,

u|t=0 = 0, ut|t=0 = 8 cos 7πx.

12.13.

utt = 121uxx,

ux|x=0 = 0, ux|x=9 = 0,

u|t=0 = 42 cos 2πx, ut|t=0 = 0.

12.14.

utt = uxx,

ux|x=0 = 0, ux|x=12 = 0,

u|t=0 = 0, ut|t=0 = 13π cos 13πx.

12.15.

utt = 4uxx,

ux|x=0 = 0, ux|x=2 = 0,

u|t=0 = 21 cos 7πx, ut|t=0 = 0.

12.16.

utt = 9uxx,

ux|x=0 = 0, ux|x=3 = 0,

u|t=0 = 0, ut|t=0 = 18π cos 6πx.
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12.17.

utt = 16uxx,

ux|x=0 = 0, ux|x=2 = 0,

u|t=0 = 14 cos 7πx, ut|t=0 = 0.

12.18.

utt = 25uxx,

ux|x=0 = 0, ux|x=5 = 0,

u|t=0 = 0, ut|t=0 = 24 cos 3πx.

12.19.

utt = 36uxx,

ux|x=0 = 0, ux|x=4 = 0,

u|t=0 = 32 cos 2πx, ut|t=0 = 0.

12.20.

utt = 49uxx,

ux|x=0 = 0, ux|x=7 = 0,

u|t=0 = 0, ut|t=0 = 24 cos 3πx.

12.21.

utt = 64uxx,

ux|x=0 = 0, ux|x=1 = 0,

u|t=0 = 25 cos 5πx, ut|t=0 = 0.

12.22.

utt = 81uxx,

ux|x=0 = 0, ux|x=7 = 0,

u|t=0 = 0, ut|t=0 = 25πx cos 25πx.

12.23.

utt = uxx,

ux|x=0 = 0, ux|x=2 = 0,

u|t=0 = 26 cos 7πx, ut|t=0 = 0.
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12.24.

utt = 4uxx,

ux|x=0 = 0, ux|x=6 = 0,

u|t=0 = 0, ut|t=0 = 32π cos 8πx.

12.25.

utt = 9uxx,

ux|x=0 = 0, ux|x=5 = 0,

u|t=0 = 15 cos 3πx, ut|t=0 = 0.

Çàäà÷à 13.

Íàéòè ðåøåíèå ñìåøàííîé çàäà÷è:

13.1.

utt = 121uxx,

ux|x=0 = 0, u|x=4,5 = 0,

u|t=0 = 5 cos 7πx, ut|t=0 = 0.

13.2.

utt = 100uxx,

u|x=0 = 0, ux|x=2,5 = 0,

u|t=0 = 0, ut|t=0 = 2 sin 5πx.

13.3.

utt = 81uxx,

ux|x=0 = 0, u|x=5,5 = 0,

u|t=0 = 3 cos πx, ut|t=0 = 0.

13.4.

utt = 81uxx,

u|x=0 = 0, ux|x=3,5 = 0,

u|t=0 = 0, ut|t=0 = 12 sin 3πx.

13.5.

utt = 64uxx,

ux|x=0 = 0, u|x=1,5 = 0,

u|t=0 = 14 cos 3πx, ut|t=0 = 0.
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13.6.

utt = 49uxx,

u|x=0 = 0, ux|x=5,5 = 0,

u|t=0 = 0, ut|t=0 = 34 sin 9πx.

13.7.

utt = 36uxx,

ux|x=0 = 0, u|x=9,5 = 0,

u|t=0 = 15 cos 17πx, ut|t=0 = 0.

13.8.

utt = 25uxx,

u|x=0 = 0, ux|x=8,5 = 0,

u|t=0 = 0, ut|t=0 = 32 sin 9πx.

13.9.

utt = 16uxx,

ux|x=0 = 0, u|x=7,5 = 0,

u|t=0 = 54 cos 9πx, ut|t=0 = 0.

13.10.

utt = 9uxx,

u|x=0 = 0, ux|x=7,5 = 0,

u|t=0 = 0, ut|t=0 = 23 sin 15πx.

13.11.

utt = 4uxx,

ux|x=0 = 0, u|x=4,5 = 0,

u|t=0 = 54 cos 7πx, ut|t=0 = 0.

13.12.

utt = uxx,

u|x=0 = 0, ux|x=9,5 = 0,

u|t=0 = 0, ut|t=0 = 87 sin 45πx.
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13.13.

utt = 100uxx,

u|x=0 = 0, ux|x=5,5 = 0,

u|t=0 = 0, ut|t=0 = 3 sin 15πx.

13.14.

utt = 81uxx,

ux|x=0 = 0, u|x=2,5 = 0,

u|t=0 = 6 cos 21πx, ut|t=0 = 0.

13.15.

utt = 36uxx,

u|x=0 = 0, ux|x=2,5 = 0,

u|t=0 = 0, ut|t=0 = 134 sin 5πx.

13.16.

utt = 25uxx,

ux|x=0 = 0, u|x=6,5 = 0,

u|t=0 = 3 cos 9πx, ut|t=0 = 0.

13.17.

utt = 16uxx,

u|x=0 = 0, ux|x=6,5 = 0,

u|t=0 = 0, ut|t=0 = 65 sin 15πx.

13.18.

utt = 9uxx,

ux|x=0 = 0, u|x=0,5 = 0,

u|t=0 = 65 cos 17πx, ut|t=0 = 0.

13.19.

utt = 4uxx,

u|x=0 = 0, ux|x=13,5 = 0,

u|t=0 = 0, ut|t=0 = 12 sin 15πx.
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13.20.

utt = uxx,

ux|x=0 = 0, u|x=9,5 = 0,

u|t=0 = 36 cos 17πx, ut|t=0 = 0.

13.21.

utt = 100uxx,

u|x=0 = 0, ux|x=0,5 = 0,

u|t=0 = 0, ut|t=0 = 7 sin 3πx.

13.22.

utt = 121uxx,

ux|x=0 = 0, u|x=1,5 = 0,

u|t=0 = 6 cos 3πx, ut|t=0 = 0.

13.23.

utt = 81uxx,

u|x=0 = 0, ux|x=3,5 = 0,

u|t=0 = 0, ut|t=0 = 8 sin 3πx.

13.24.

utt = 64uxx,

ux|x=0 = 0, u|x=3,5 = 0,

u|t=0 = 7 cos πx, ut|t=0 = 0.

13.25.

utt = 49uxx,

u|x=0 = 0, ux|x=7,5 = 0,

u|t=0 = 0, ut|t=0 = 23 sin 15πx.

Çàäà÷à 14.

Íàéòè ðåøåíèå ñìåøàííîé çàäà÷è:

14.1.

utt = 4uxx,

u|x=0 = −8, u|x=2 = 4,

u|t=0 = −8 + 6x + 7 sin 4πx, ut|t=0 = 0.
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14.2.

utt = 4uxx,

u|x=0 = 3, u|x=3 = 12,

u|t=0 = 3 + 3x, ut|t=0 = 7π sin 15πx.

14.3.

utt = 4uxx,

u|x=0 = −2, u|x=1 = 4,

u|t=0 = −2 + 6x + 12 sin πx, ut|t=0 = 0.

14.4.

utt = 4uxx,

u|x=0 = 5, u|x=5 = 15,

u|t=0 = 5 + 2x, ut|t=0 = 8π sin 5πx.

14.5.

utt = 9uxx,

u|x=0 = −3, u|x=3 = 9,

u|t=0 = −3 + 4x + 4 sin 12πx, ut|t=0 = 0.

14.6.

utt = 9uxx,

u|x=0 = 8, u|x=3 = 2,

u|t=0 = 8− 2x, ut|t=0 = π sin 12πx.

14.7.

utt = 9uxx,

u|x=0 = 4, u|x=5 = 14,

u|t=0 = 4 + 2x + 3 sin 12πx, ut|t=0 = 0.

14.8.

utt = 9uxx,

u|x=0 = −9, u|x=4 = 11,

u|t=0 = −9 + 5x, ut|t=0 = 5π sin 3πx.
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14.9.

utt = 16uxx,

u|x=0 = 4, u|x=6 = 16,

u|t=0 = 4 + 2x + sin 3πx, ut|t=0 = 0.

14.10.

utt = 16uxx,

u|x=0 = 1, u|x=1 = 7,

u|t=0 = 1 + 6x, ut|t=0 = 23π sin 5πx.

14.11.

utt = 16uxx,

u|x=0 = −9, u|x=2 = 4,

u|t=0 = −8 + 6x + 7 sin 4πx, ut|t=0 = 0.

14.12.

utt = 16uxx,

u|x=0 = 3, u|x=3 = 12,

u|t=0 = 3 + 3x, ut|t=0 = 7π sin 15πx.

14.13.

utt = 16uxx,

u|x=0 = −4, u|x=3 = 11,

u|t=0 = −4 + 3x + sin 8πx, ut|t=0 = 0.

14.14.

utt = 25uxx,

u|x=0 = −7, u|x=2 = 1,

u|t=0 = −7 + 4x, ut|t=0 = 11π sin 12πx.

14.15.

utt = 25uxx,

u|x=0 = 1, u|x=4 = 9,

u|t=0 = 1 + 2x + 11 sin 8πx, ut|t=0 = 0.
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14.16.

utt = 25uxx,

u|x=0 = −3, u|x=3 = 12,

u|t=0 = −3 + 5x, ut|t=0 = 5π sin 13πx.

14.17.

utt = 25uxx,

u|x=0 = −2, u|x=9 = 16,

u|t=0 = −2 + 2x + 2 sin 13πx, ut|t=0 = 0.

14.18.

utt = 36uxx,

u|x=0 = −5, u|x=4 = 7,

u|t=0 = −5 + 3x, ut|t=0 = 5π sin 9πx.

14.19.

utt = 36uxx,

u|x=0 = 6, u|x=7 = 8,

u|t=0 = 6 + 2x + 2 sin 9πx, ut|t=0 = 0.

14.20.

utt = 36uxx,

u|x=0 = −12, u|x=2 = 2,

u|t=0 = −12 + 7x, ut|t=0 = 17π sin 3πx.

14.21.

utt = 36uxx,

u|x=0 = −1, u|x=2 = −5,

u|t=0 = −1− 2x + 5 sin 3πx, ut|t=0 = 0.

14.22.

utt = 36uxx,

u|x=0 = 2, u|x=7 = −12,

u|t=0 = 2− 2x, ut|t=0 = 9π sin 5πx.
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14.23.

utt = 49uxx,

u|x=0 = −8, u|x=2 = 4,

u|t=0 = −8 + 6x + 3 sin 8πx, ut|t=0 = 0.

14.24.

utt = 49uxx,

u|x=0 = −4, u|x=3 = 2,

u|t=0 = −4 + 2x, ut|t=0 = 9π sin 2πx.

14.25.

utt = 49uxx,

u|x=0 = −10, u|x=4 = 6,

u|t=0 = −10 + 4x + 5 sin 3πx, ut|t=0 = 0.

Çàäà÷à 15

Íàéòè ðåøåíèå ñìåøàííîé çàäà÷è:

15.1.

utt = 4uxx + e−2t sin 7x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.2.

utt = 9uxx + sin t sin 6x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.3.

utt =
1
4uxx + 2t sin 9x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.4.

utt =
1
9uxx + cos 2t sinx,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.
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15.5.

utt = 16uxx + et sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.6.

utt = 16uxx + 3 sin 2t sin 6x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.7.

utt =
1
16uxx + 5t sinx,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.8.

utt =
1
16uxx + (2 cos t + sin t) sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.9.

utt = 25uxx + e−4t sin 8x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.10.

utt = 25uxx + 3 sin 4t sin 4x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.11.

utt =
1
25uxx + (2t + 1)) sin 7x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.
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15.12.

utt =
1
25uxx + 6 cos 3t sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.13.

utt = 36uxx + e4t sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.14.

utt = 36uxx + (sin t + cos t) sin 3x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.15.

utt =
1
36uxx + (t− 1) sin 5x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.16.

utt =
1
36uxx + 4 cos t sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.17.

utt = 49uxx + 3 sin 2t sinx,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.18.

utt =
1
49uxx + (t + 1) sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.
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15.19.

utt =
1
49uxx + 5 cos t sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.20.

utt = uxx + e4t sin 8x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.21.

utt = 4uxx + 2 sin 3t sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.22.

utt =
1
4uxx + 5t sin 7x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.23.

utt =
1
81uxx + cos t sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.24.

utt = 9uxx + e−t sin 3x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.

15.25.

utt = 16uxx + (sin t + 2 cos t) sin 6x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 0, ut|t=0 = 0.



Ãëàâà 2

Ñìåøàííàÿ çàäà÷à äëÿ óðàâíåíèé

ïàðàáîëè÷åñêîãî òèïà

1. Îäíîðîäíàÿ ñìåøàííàÿ çàäà÷à äëÿ óðàâíåíèÿ

òåïëîïðîâîäíîñòè

Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà ïîëó÷àþòñÿ ïðè èññëåäîâàíèè

òàêèõ ôèçè÷åñêèõ ÿâëåíèé, êàê òåïëîïðîâîäíîñòü, äèôôóçèÿ, ðàñ-

ïðîñòðàíåíèå ýëåêòðîìàãíèòíûõ ïîëåé â ïðîâîäÿùèõ ñðåäàõ è äð.

Ïîñòàâèòü çàäà÷ó, ñîîòâåòñòâóþùóþ äàííîé ôèçè÷åñêîé çàäà÷å,

� ýòî çíà÷èò âûáðàòü ôóíêöèþ, õàðàêòåðèçóþùóþ ôèçè÷åñêèé

ïðîöåññ, à çàòåì

1) âûâåñòè äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ýòîé ôóíêöèè;

2) óñòàíîâèòü äëÿ íåå ãðàíè÷íûå óñëîâèÿ;

3) ñôîðìóëèðîâàòü íà÷àëüíûå óñëîâèÿ.

Êàê è â ñëó÷àå óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà, çäåñü ñóùå-

ñòâóþò ãðàíè÷íûå óñëîâèÿ òðåõ òèïîâ. Íàïðèìåð, äëÿ ãðàíè÷íîé

çàäà÷è îá îïðåäåëåíèè òåìïåðàòóðû ñòåðæíÿ 0 ≤ x ≤ l ñ òåïëîèçî-

ëèðîâàííîé áîêîâîé ïîâåðõíîñòüþ, åñëè åãî íà÷àëüíàÿ òåìïåðàòó-

69
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ðà ÿâëÿåòñÿ ïðîèçâîëüíîé ôóíêöèåé îò x, ãðàíè÷íûå óñîâèÿ áóäóò

õàðàêòåðèçîâàòüñÿ ñëåäóþùèì:

1) êîíöû ñòåðæíÿ ïîääåðæèâàþòñÿ ïðè çàäàííîé òåìïåðàòóðå;

2) íà êîíöû ñòåðæíÿ ïîäàåòñÿ èçâíå çàäàííûé òåïëîâîé ïîòîê;

3) íà êîíöàõ ñòåðæíÿ ïðîèñõîäèò êîíâåêòèâíûé òåïëîîáìåí ïî

çàêîíó Íüþòîíà ñî ñðåäîé, òåìïåðàòóðà êîòîðîé çàäàíà.

Ðàññìîòðèì çàäà÷ó î ðàñïðîñòðàíåíèè òåïëà â èäåàëüíî èçîëè-

ðîâàííîì òîíêîì îäíîðîäíîì ñòåðæíå äëèíû l, åñëè åãî êîíöû ïîä-

äåðæèâàþòñÿ ïðè íóëåâîé òåìïåðàòóðå.

Èòàê, áóäåì èñêàòü ðåøåíèå çàäà÷è:

ut = a2uxx, 0 < x < l, t > 0, (2.1)

u|x=0 = 0, u|x=l = 0, (2.2)

u|t=0 = φ(x). (2.3)

1. Íàéäåì âñïîìîãàòåëüíûå ðåøåíèÿ óðàâíåíèÿ (2.1), íå ðàâ-

íûå òîæäåñòâåííî íóëþ, óäîâëåòâîðÿþùèå îäíîðîäíûì ãðàíè÷íûì

óñëîâèÿì (2.2) è ïðåäñòàâèìûå â âèäå ïðîèçâåäåíèÿ

u(x, t) = X(x)T (t). (2.4)

Ïîäñòàâëÿÿ (2.4) â (2.1), ïîëó÷àåì

X(x)T ′(t) = a2X ′′(x)T (t). (2.5)

Ðàçäåëèâ îáå ÷àñòè ðàâåíñòâà (2.5) íà a2X(x)T (t) ̸= 0, èìååì

XT ′

a2XT
=
a2X ′′T

a2XT
= −λ, (2.6)
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ãäå λ � íåêîòîðàÿ ïîñòîÿííàÿ. Ñëåäîâàòåëüíî, èç ñîîòíîøåíèÿ

(2.6) è ãðàíè÷íûõ óñëîâèé (2.2) ïîëó÷àåì îáûêíîâåííîå äèôôå-

ðåíöèàëüíîå óðàâíåíèå äëÿ îïðåäåëåíèÿ ôóíêöèè T (t) è çàäà÷ó

Øòóðìà � Ëèóâèëëÿ äëÿ ôóíêöèè X(x) :

T ′ + a2λT = 0. (2.7)

X ′′ + λX = 0,

X(0) = 0, X(l) = 0.
(2.8)

2. Ðàññìîòðèì çàäà÷ó Øòóðìà � Ëèóâèëëÿ: íåîáõîäèìî íàéòè

òàêèå çíà÷åíèÿ ïàðàìåòðà λ, íàçûâàåìûå ñîáñòâåííûìè, ïðè êî-

òîðûõ çàäà÷à (2.8) èìååò íåíóëåâûå ðåøåíèÿ, à òàêæå íàéòè ýòè

íåíóëåâûå ðåøåíèÿ, íàçûâàåìûå ñîáñòâåííûìè ôóíêöèÿìè.

Îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä

X(x) = C1 cos
√
λx + C2 sin

√
λx, λ > 0,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Èç ãðàíè÷íûõ óñëîâèé

çàäà÷è ñëåäóåò, ÷òî

λn =
(πn
l

)2
, n = 1, 2, ... ,

Xn(x) = C2 sin
nπx

l
.

Áåç îãðàíè÷åíèÿ îáùíîñòè ïîëîæèì C2 = 1, òîãäà ñîáñòâåííûå

ôóíêöèè ïðèìóò âèä

Xn(x) = sin
nπx

l
, n = 1, 2, ... .

Êàê è â çàäà÷àõ äëÿ âîëíîâîãî óðàâíåíèÿ, â çàâèñèìîñòè îò âèäà

ãðàíè÷íûõ óñëîâèé èñõîäíîé çàäà÷è ìîãóò áûòü ïîëó÷åíû ðàçëè÷-

íûå âèäû çàäà÷è Øòóðìà � Ëèóâèëëÿ. Ïîëó÷àþùèåñÿ ïðè ýòîì
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ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ïðåäñòàâëåíû â òàá-

ëèöå 1.

3. Íàéäåì òåïåðü ðåøåíèå óðàâíåíèÿ (2.8), êîòîðîå ïðè λ = λn

èìååò âèä

T ′
n + a2λnTn = 0, n = 1, 2, ... .

Ýòî ëèíåéíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, åãî ðåøåíèå

Tn(t) = Ane
−a2λnt, n = 1, 2, ... .

Èëè

Tn(t) = Ane
−(aπnl )

2
t, n = 1, 2, ... ,

ãäå An � ïðîèçâîëüíûå ïîñòîÿííûå.

Òàêèì îáðàçîì, ïðè ëþáûõ An âñå ôóíêöèè

un(x, t) = Ane
−(aπnl )

2
t sin

nπx

l
, n = 1, 2, ...

óäîâëåòâîðÿþò óðàâíåíèþ (2.1) è óñëîâèÿì (2.2).

4. Ðàññìîòðèì áåñêîíå÷íûé ðÿä

u(x, t) =

∞∑
n=1

Ane
−(aπnl )

2
t sin

nπx

l
. (2.9)

Åñëè ýòîò ðÿä ñõîäèòñÿ è ñõîäÿòñÿ ðÿäû, ïîëó÷åííûå èç íåãî äèô-

ôåðåíöèðîâàíèåì äâà ðàçà ïî x è îäèí ðàç ïî t, òî ðÿä (2.9) ïðåä-

ñòàâëÿåò ðåøåíèå óðàâíåíèÿ (2.1), óäîâëåòâîðÿþùåå óñëîâèÿì (2.2).

5. Íàéäåì An òàê, ÷òîáû ôóíêöèÿ (2.9) óäîâëåòâîðÿëà íà÷àëüíî-

ìó óñëîâèþ (2.3). Èìååì

u|t=0 =

∞∑
n=1

An sin
nπx

l
= φ(x). (2.10)
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Ôóíêöèþ φ(x) ðàçëîæèì â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíê-

öèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ, â ðàññìàòðèâàåìîì ñëó÷àå ïî

Xn(x) = sin nπx
l , n = 1, 2, ... :

φ(x) =

∞∑
n=1

φn sin
nπx

l
, ãäå φn =

2

l

∫ l

0

φ(x) sin
nπx

l
dx, (2.11)

Ïîäñòàâëÿÿ (2.11) â (2.10), ïîëó÷èì
∞∑
n=1

An sin
nπx

l
=

∞∑
n=1

φn sin
nπx

l
.

Ñðàâíåíèå ýòèõ ðÿäîâ ïîêàçûâàåò, ÷òî äëÿ âûïîëíåíèÿ íà÷àëü-

íîãî óñëîâèÿ íàäî ïîëîæèòü An = φn. Ñëåäîâàòåëüíî,

An =
2

l

∫ l

0

φ(x) sin
nπx

l
dx, n = 1, 2, ... . (2.12)

Ó÷èòûâàÿ ðàâåíñòâà (2.12), èç ôîðìóë (2.9) ïîëó÷èì ðåøåíèå

ðàññìàòðèâàåìîé ñìåøàííîé çàäà÷è

u(x, t) =

∞∑
n=1

φne
−(aπnl )

2
t sin

nπx

l
,

ãäå φn îïðåäåëÿþòñÿ ïî ôîìóëàì (2.11)

Ïðèìåð 1 (ïðèìåð âûïîëíåíèÿ çàäà÷è 17).

Ðåøèòü îäíîðîäíóþ ñìåøàííóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðî-

âîäíîñòè:

ut = 5uxx, (2.13)

u|x=0 = 0, u|x=4 = 0, (2.14)

u|t=0 = sin πx + 3 sin 7πx. (2.15)

1. Ýòà çàäà÷à îäíîðîäíà, ïîýòîìó ðåøåíèå áóäåì èñêàòü â âèäå

u(x, t) = X(x)T (t).
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Ïîäñòàâëÿÿ ýòó ôóíêöèþ â óðàâíåíèå (2.13), ïîëó÷àåì

X(x)T ′(t) = 5X ′′(x)T (t).

Ðàçäåëèâ îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà íà 5X(x)T (t) ̸= 0, èìååì

T ′

5T
=
X ′′

X
= −λ.

Èç ýòèõ ñîîòíîøåíèé è ãðàíè÷íûõ óñëîâèé (2.14) ïîëó÷àåì îáûê-

íîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ îïðåäåëåíèÿ ôóíêöèè

T (t)

T ′ + 5λT = 0 (2.16)

è çàäà÷ó Øòóðìà � Ëèóâèëëÿ äëÿ ôóíêöèè X(x)

X ′′ + λX = 0,

X(0) = 0, X(4) = 0.

2. Ðàññìîòðèì çàäà÷ó Øòóðìà � Ëèóâèëëÿ. Ìîæíî èñïîëüçîâàòü

äàííûå òàáëèöû. Â ýòîì ïðèìåðå a2 = 5, l = 4. Íàõîäèì

λn =
(πn

4

)2
, n = 1, 2, ... ,

Xn(x) = sin
nπx

4
, n = 1, 2, ... .

3. Íàéäåì òåïåðü ðåøåíèå óðàâíåíèÿ (2.16), êîòîðîå ïðè λ = λn

èìååò âèä

T ′
n + 5

(πn
4

)2
Tn = 0, n = 1, 2, ... .

Ýòî ëèíåéíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, åãî ðåøåíèå

Tn(t) = Ane
−5(πn4 )

2
t, n = 1, 2, ... ,

ãäå An � ïðîèçâîëüíûå ïîñòîÿííûå.
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Òàêèì îáðàçîì, ïðè ëþáûõ An âñå ôóíêöèè

un(x, t) = Ane
−5(πn4 )

2
t sin

nπx

4
, n = 1, 2, ...

óäîâëåòâîðÿþò óðàâíåíèþ (2.13) è óñëîâèÿì (2.14).

4. Ðåøåíèå çàäà÷è èùåì â âèäå ðÿäà

u(x, t) =

∞∑
n=1

Ane
−5(πn4 )

2
t sin

nπx

4
.

Ýòà ôóíêöèÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2.13) è óäîâëåòâîðÿåò

ãðàíè÷íûì óñëîâèÿì (2.14) ïðè ëþáûõ An, ïðè êîòîðûõ ðÿä ñõî-

äèòñÿ è åãî ìîæíî äâàæäû äèôôåðåíöèðîâàòü ïî÷ëåííî.

5. Íàéäåì An òàê, ÷òîáû ôóíêöèÿ u(x, t) óäîâëåòâîðÿëà íà÷àëü-

íîìó óñëîâèþ (2.15). Èìååì

u|t=0 =

∞∑
n=1

An sin
nπx

4
= sin πx + 3 sin 7πx

Îòñþäà

A4 = 1, A28 = 3,

An = 0, n ∈ N, n ̸= 1, n ̸= 28.

Ïîäñòàâëÿÿ ýòè êîýôôèöèåíòû â ôóíêöèþ u(x, t), ïîëó÷èì ðå-

øåíèå ðàññìàòðèâàåìîé çàäà÷è

u(x, t) = e−5(4π4 )
2
t sin

4πx

4
+ 3e−5(28π4 )

2
t sin

28πx

4
.

Îòâåò. u(x, t) = e−5π2t sinπx + 3e−245π2t sin 7πx.

Ïðèìåð 2 (ïðèìåð âûïîëíåíèÿ çàäà÷è 18).

Ðåøèòü îäíîðîäíóþ ñìåøàííóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðî-

âîäíîñòè:

ut = 3uxx, (2.17)
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ux|x=0 = 0, ux|x=3 = 0, (2.18)

u|t=0 = 11 cos 15πx. (2.19)

1. Ýòà çàäà÷à îäíîðîäíà, ïîýòîìó ðåøåíèå áóäåì èñêàòü â âèäå

u(x, t) = X(x)T (t).

Ïîäñòàâëÿÿ ýòó ôóíêöèþ â óðàâíåíèå (2.17), ïîëó÷àåì

X(x)T ′(t) = 3X ′′(x)T (t).

Ðàçäåëèâ îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà íà 3X(x)T (t) ̸= 0, èìååì

T ′

3T
=
X ′′

X
= −λ.

Èç ýòèõ ñîîòíîøåíèé è ãðàíè÷íûõ óñëîâèé (2.18) ïîëó÷àåì îáûê-

íîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ îïðåäåëåíèÿ ôóíêöèè

T (t)

T ′ + 3λT = 0 (2.20)

è çàäà÷ó Øòóðìà � Ëèóâèëëÿ äëÿ ôóíêöèè X(x)

X ′′ + λX = 0,

X ′(0) = 0, X ′(3) = 0.

2. Ðàññìîòðèì çàäà÷ó Øòóðìà � Ëèóâèëëÿ. Ìîæíî èñïîëüçîâàòü

äàííûå òàáëèöû. Â ýòîì ïðèìåðå a2 = 3, l = 3. Íàõîäèì

λn =
(πn

3

)2
, n = 0, 1, 2, ... ,

Xn(x) = cos
nπx

3
, n = 0, 1, 2, ... .

3. Íàéäåì òåïåðü ðåøåíèå óðàâíåíèÿ (2.20), êîòîðîå ïðè λ = λn

èìååò âèä

T ′
n + 3

(πn
3

)2
Tn = 0, n = 0, 1, 2, ... .
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Ýòî ëèíåéíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, åãî ðåøåíèå

Tn(t) = Ane
−3(πn3 )

2
t, n = 0, 1, 2, ... ,

ãäå An � ïðîèçâîëüíûå ïîñòîÿííûå.

Òàêèì îáðàçîì, ïðè ëþáûõ An âñå ôóíêöèè

un(x, t) = Ane
−3(πn3 )

2
t cos

nπx

0
, n = 0, 1, 2, ...

óäîâëåòâîðÿþò óðàâíåíèþ (2.17) è óñëîâèÿì (2.18).

4. Ðåøåíèå çàäà÷è èùåì â âèäå ðÿäà

u(x, t) =

∞∑
n=0

Ane
−3(πn3 )

2
t cos

nπx

3
.

Ýòà ôóíêöèÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2.17) è óäîâëåòâîðÿåò

ãðàíè÷íûì óñëîâèÿì (2.18) ïðè ëþáûõ An, ïðè êîòîðûõ ðÿä ñõî-

äèòñÿ è åãî ìîæíî äâàæäû äèôôåðåíöèðîâàòü ïî÷ëåííî.

5. Íàéäåì An òàê, ÷òîáû ôóíêöèÿ u(x, t) óäîâëåòâîðÿëà íà÷àëü-

íîìó óñëîâèþ (2.19). Èìååì

u|t=0 =

∞∑
n=0

An cos
nπx

3
= 11 cos 15πx.

Îòñþäà

A45 = 11,

An = 0, n ∈ N ∪ {0}, n ̸= 45.

Ïîäñòàâëÿÿ ýòè êîýôôèöèåíòû â ôóíêöèþ u(x, t), ïîëó÷èì ðå-

øåíèå ðàññìàòðèâàåìîé çàäà÷è

u(x, t) = 11e−3(45π3 )
2
t cos

45πx

3
.
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Îòâåò. u(x, t) = 11e−675π2t cos 15πx.

Ïðèìåð 3 (ïðèìåð âûïîëíåíèÿ çàäà÷è 19).

Ðåøèòü îäíîðîäíóþ ñìåøàííóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðî-

âîäíîñòè:

ut = 9uxx, (2.21)

ux|x=0 = 0, u|x=1,5 = 0, (2.22)

u|t=0 = 8 cos 5πx. (2.23)

1. Ýòà çàäà÷à îäíîðîäíà, ïîýòîìó ðåøåíèå áóäåì èñêàòü â âèäå

u(x, t) = X(x)T (t).

Ïîäñòàâëÿÿ ýòó ôóíêöèþ â óðàâíåíèå (2.21), ïîëó÷àåì

X(x)T ′(t) = 9X ′′(x)T (t).

Ðàçäåëèâ îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà íà 9X(x)T (t) ̸= 0, èìååì

T ′

9T
=
X ′′

X
= −λ.

Èç ýòèõ ñîîòíîøåíèé è ãðàíè÷íûõ óñëîâèé (2.22) ïîëó÷àåì îáûê-

íîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ îïðåäåëåíèÿ ôóíêöèè

T (t)

T ′ + 9λT = 0 (2.24)

è çàäà÷ó Øòóðìà � Ëèóâèëëÿ äëÿ ôóíêöèè X(x)

X ′′ + λX = 0,

X ′(0) = 0, X(1, 5) = 0.
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2. Ðàññìîòðèì çàäà÷ó Øòóðìà � Ëèóâèëëÿ. Ìîæíî èñïîëüçîâàòü

äàííûå òàáëèöû. Â ýòîì ïðèìåðå a2 = 9, l = 1, 5. Íàõîäèì

λn =

(
(2n + 1)π

3

)2

, n = 0, 1, 2, ... ,

Xn(x) = cos
(2n + 1)πx

3
, n = 0, 1, 2, ... .

3. Íàéäåì òåïåðü ðåøåíèå óðàâíåíèÿ (2.24), êîòîðîå ïðè λ = λn

èìååò âèä

T ′
n +

(
3(2n + 1)π

3

)2

Tn = 0, n = 0, 1, 2, ... .

Ýòî ëèíåéíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, åãî ðåøåíèå

Tn(t) = Ane
−((2n+1)π)2t, n = 0, 1, 2, ... ,

ãäå An � ïðîèçâîëüíûå ïîñòîÿííûå.

Òàêèì îáðàçîì, ïðè ëþáûõ An âñå ôóíêöèè

un(x, t) = Ane
−((2n+1)π)2t cos

(2n + 1)πx

3
, n = 0, 1, 2, ...

óäîâëåòâîðÿþò óðàâíåíèþ (2.21) è óñëîâèÿì (2.22).

4. Ðåøåíèå çàäà÷è èùåì â âèäå ðÿäà

u(x, t) =

∞∑
n=1

Ane
−((2n+1)π)2t cos

(2n + 1)πx

3
.

Ýòà ôóíêöèÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2.21) è óäîâëåòâîðÿåò

ãðàíè÷íûì óñëîâèÿì (2.22) ïðè ëþáûõ An, ïðè êîòîðûõ ðÿä ñõî-

äèòñÿ è åãî ìîæíî äâàæäû äèôôåðåíöèðîâàòü ïî÷ëåííî.

5. Íàéäåì An òàê, ÷òîáû ôóíêöèÿ u(x, t) óäîâëåòâîðÿëà íà÷àëü-
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íîìó óñëîâèþ (2.23). Èìååì

u|t=0 =

∞∑
n=1

An cos
(2n + 1)πx

3
= 8 cos 5πx.

Îòñþäà

A7 = 8,

An = 0, n ∈ N ∪ {0}, n ̸= 7.

Ïîäñòàâëÿÿ ýòè êîýôôèöèåíòû â ôóíêöèþ u(x, t), ïîëó÷èì ðå-

øåíèå ðàññìàòðèâàåìîé çàäà÷è

u(x, t) = 8e−(15π)2t cos
15πx

3
.

Îòâåò. u(x, t) = 8e−225π2t cos 5πx.

2. Íåîäíîðîäíàÿ ñìåøàííàÿ çàäà÷à äëÿ óðàâíåíèÿ

òåïëîïðîâîäíîñòè ñ íåîäíîðîäíûìè

ãðàíè÷íûìè óñëîâèÿìè

Â çàäà÷àõ î ðàñïðîñòðàíåíèè òåïëà â ñòåðæíå, êîíöû êîòîðîãî

ïîääåðæèâàþòñÿ ïðè çàäàííûõ òåìïåðàòóðàõ, ãðàíè÷íûå óñëîâèÿ

èìåþò âèä

u|x=0 = µ1(t), u|x=l = µ2(t).

Â ýòîì ñëó÷àå ìû ïðèõîäèì ê íåîäíîðîäíîé ñìåøàííîé çàäà÷å äëÿ

óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ íåîäíîðîäíîñòüþ â ãðàíè÷íûõ óñëî-

âèÿõ. Ïîäðîáíî ìåòîä ðåøåíèÿ òàêèõ çàäà÷ ðàññìîòðåí äëÿ óðàâ-

íåíèé ãèïåðáîëè÷åñêîãî òèïà. ×òîáû ðåøèòü òàêóþ çàäà÷ó, íåîá-

õîäèìî:
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1. Ñíÿòü íåîäíîðîäíîñòü ãðàíè÷íûõ óñëîâèé, ò.å. ïîäîáðàòü ôóíê-

öèþ v(x.t), óäîâëåòâîðÿþùóþ ýòèì óñëîâèÿì.

2. Ðåøåíèå èñõîäíîé çàäà÷è èñêàòü â âèäå

u(x, t) = v(x, t) + w(x, t),

ãäå v(x, t) � ôóíêöèÿ, óäîâëåòâîðÿþùàÿ ãðàíè÷íûì óñëîâèÿì,

w(x, t) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ.

3. Ïîäñòàâèòü u(x, t) = v(x, t)+w(x, t) â èñõîäíóþ çàäà÷ó è ïîëó-

÷èòü çàäà÷ó äëÿ ôóíêöèè w(x, t), ðåøèâ êîòîðóþ, ñìîæåì çàïèñàòü

îêîí÷àòåëüíîå ðåøåíèå.

Ðàññìîòðèì ðÿä ïðèìåðîâ.

Ïðèìåð 1 (ïðèìåð âûïîëíåíèÿ çàäà÷è 20).

Ðåøèòü íåîäíîðîäíóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè:

ut = 16uxx (2.25)

ïðè íåîäíîðîäíûõ ãðàíè÷íûõ óñëîâèÿõ

u|x=0 = −5, u|x=3 = 4 (2.26)

è íà÷àëüíîì óñëîâèè

u|t=0 = −5 + 3x + 15 sin 4πx. (2.27)

Çàäà÷à íåîäíîðîäíàÿ ñ íåîäíîðîäíîñòüþ â ãðàíè÷íûõ óñëîâèÿõ.

Ïîýòîìó

1) ïîäáåðåì ôóíêöèþ v(x, t), óäîâëåòâîðÿþùóþ ãðàíè÷íûì óñëî-

âèÿì (2.26). Òàê êàê îáà èç óñëîâèé (2.26) ÿâëÿþòñÿ óñëîâèÿìè ïåð-



82 2. ÍÅÎÄÍÎÐÎÄÍÀß ÇÀÄÀ×À Ñ ÍÅÎÄÍÎÐÎÄÍÛÌÈ ÃÐÀÍÈ×ÍÛÌÈ ÓÑËÎÂÈßÌÈ

âîãî ðîäà, òî ýòó ôóíêöèþ ìîæíî âçÿòü â âèäå

v(x, t) = −5 +
x

3
(4 + 5) = −5 + 3x;

2) ðåøåíèå èñõîäíîé çàäà÷è èñêàòü â âèäå

u(x, t) = −5 + 3x + w(x, t), (2.28)

ãäå w(x, t) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ;

3) ïîäñòàâèì (2.28) â èñõîäíóþ çàäà÷ó (2.25)-(2.26)-(2.27) è ïîëó-

÷èì çàäà÷ó äëÿ ôóíêöèè w(x, t).

Èç óðàâíåíèÿ (2.25) èìååì

wtt = 16wxx.

Èç ãðàíè÷íûõ óñëîâèé (2.26)

u|x=0 = (−5 + 3x + w)|x=0 = −5 + w|x=0 = −5,

u|x=3 = (−5 + 3x + w)|x=3 = 4 + w|x=3 = 4

èìååì

w|x=0 = 0, w|x=3 = 0.

Èç íà÷àëüíîãî óñëîâèÿ (2.27) ïîëó÷èì íà÷àëüíîå óñëîâèå äëÿ ôóíê-

öèè w:

u|t=0 = −5 + 3x + w|t=0 = −5 + 3x + 15 sin 4πx.

Îòêóäà

w|t=0 = 15 sin 4πx.
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Èòàê, äëÿ ôóíêöèè w(x, t) ïîëó÷èëè ñëåäóþùóþ çàäà÷ó:

wtt = 16wxx, (2.29)

w|x=0 = 0, w|x=3 = 0, (2.30)

w|t=0 = 15 sin 4πx. (2.31)

1. Ýòà çàäà÷à îäíîðîäíà, ïîýòîìó ðåøåíèå áóäåì èñêàòü â âèäå

w(x, t) = X(x)T (t).

Ïîäñòàâëÿÿ ýòó ôóíêöèþ â óðàâíåíèå (2.29), ïîëó÷àåì

X(x)T ′(t) = 16X ′′(x)T (t).

Ðàçäåëèâ îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà íà 16X(x)T (t) ̸= 0, èìååì

T ′

16T
=
X ′′

X
= −λ.

Èç ýòèõ ñîîòíîøåíèé è ãðàíè÷íûõ óñëîâèé (2.30) ïîëó÷àåì îáûê-

íîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ îïðåäåëåíèÿ ôóíêöèè

T (t)

T ′ + 16λT = 0 (2.32)

è çàäà÷ó Øòóðìà � Ëèóâèëëÿ äëÿ ôóíêöèè X(x)

X ′′ + λX = 0,

X(0) = 0, X(3) = 0.

2. Ðàññìîòðèì çàäà÷ó Øòóðìà � Ëèóâèëëÿ (ìîæíî èñïîëüçîâàòü

äàííûå òàáëèöû. Â ýòîì ïðèìåðå a2 = 16, l = 3). Íàõîäèì

λn =
(πn

3

)2
, n = 1, 2, ... ,
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Xn(x) = sin
nπx

3
, n = 1, 2, ... .

3. Íàéäåì òåïåðü ðåøåíèå óðàâíåíèÿ (2.32), êîòîðîå ïðè λ = λn

èìååò âèä

T ′
n + 16

(πn
3

)2
Tn = 0, n = 1, 2, ... .

Ýòî ëèíåéíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, åãî ðåøåíèå

Tn(t) = Ane
−(4πn3 )

2
t, n = 1, 2, ... ,

ãäå An � ïðîèçâîëüíûå ïîñòîÿííûå.

Òàêèì îáðàçîì, ïðè ëþáûõ An âñå ôóíêöèè

wn(x, t) = Ane
−(4πn3 )

2
t sin

nπx

3
, n = 1, 2, ...

óäîâëåòâîðÿþò óðàâíåíèþ (2.29) è óñëîâèÿì (2.30).

4. Ðåøåíèå çàäà÷è èùåì â âèäå ðÿäà

w(x, t) =

∞∑
n=1

Ane
−(4πn3 )

2
t sin

nπx

3
.

Ýòà ôóíêöèÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2.29) è óäîâëåòâîðÿåò

ãðàíè÷íûì óñëîâèÿì (2.30) ïðè ëþáûõ An, ïðè êîòîðûõ ðÿä ñõî-

äèòñÿ è åãî ìîæíî äâàæäû äèôôåðåíöèðîâàòü ïî÷ëåííî.

5. Íàéäåì An òàê, ÷òîáû ôóíêöèÿ w(x, t) óäîâëåòâîðÿëà íà÷àëü-

íîìó óñëîâèþ (2.31). Èìååì

w|t=0 =

∞∑
n=1

An sin
nπx

3
= 15 sin 4πx.

Îòñþäà

A12 = 15,

An = 0, n ∈ N, n ̸= 12.
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Ïîäñòàâëÿÿ ýòè êîýôôèöèåíòû â ôóíêöèþ w(x, t), ïîëó÷èì ðå-

øåíèå îäíîðîäíîé çàäà÷è

w(x, t) = 15e−(
4·12π
3 )

2
t sin

12πx

3
.

Òîãäà ðåøåíèå èñõîäíîé çàäà÷è

u(x, t) = −5 + 3x + e−256π2t sin 4πx.

Îòâåò. u(x, t) = −5 + 3x + 15e−256π2t sin 4πx.

3. Íåîäíîðîäíàÿ ñìåøàííàÿ çàäà÷à äëÿ óðàâíåíèÿ

òåïëîïðîâîäíîñòè ñ íåîäíîðîäíîñòüþ â óðàâíåíèè

Ðàññìîòðèì ñìåøàííóþ çàäà÷ó äëÿ íåîäíîðîäíîãî óðàâíåíèÿ

òåïëîïðîâîäíîñòè. Ïîäðîáíî ìåòîä ðåøåíèÿ ñìåøàííîé çàäà÷è ñ

íåîäíîðîäíîñòüþ â óðàâíåíèè ðàññìîòðåí äëÿ óðàâíåíèé ãèïåðáî-

ëè÷åñêîãî òèïà. Ïðèâåäåì ïðèìåðû.

Ïðèìåð 1 (ïðèìåð âûïîëíåíèÿ çàäà÷è 21).

Íàéòè ðåøåíèå ñìåøàííîé çàäà÷è:

ut =
1

16
uxx + (cos t + 3 sin t) sin 4x, (2.33)

u|x=0 = 0, u|x=π = 0, (2.34)

u|t=0 = 12 sin x. (2.35)

Çàäà÷à íåîäíîðîäíàÿ ñ íåîäíîðîäíîñòüþ â óðàâíåíèè, ïîýòîìó

ðåøåíèå èùåì â âèäå

u(x, t) =

n∑
i=1

Tn(t)Xn(x), (2.36)
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ãäå Xn(x) � ñîáñòâåííûå ôóíêöèè âñïîìîãàòåëüíîé îäíîðîäíîé çà-

äà÷è.

1) ðåøàåì âñïîìîãàòåëüíóþ îäíîðîäíóþ çàäà÷ó äëÿ íàõîæäåíèÿ

ñîáñòâåííûõ ôóíêöèé

utt =
1

16
uxx,

u|x=0 = 0, u|x=π = 0.

Âîñïîëüçóåìñÿ äàííûìè, ïðåäñòàâëåííûìè â òàáëèöå 1.

Ó íàñ a = 1
4, l = π. Ñîáñòâåííûå ôóíêöèè ñîîòâåòñòâóþùåé çàäà÷è

Øòóðìà � Ëèóâèëëÿ äëÿ ðàññìàòðèâàåìîé çàäà÷è èìåþò âèä

Xn(x) = sin
nπx

π
= sinnx, n = 1, 2, ... .

2) ïåðåõîäèì ê ðåøåíèþ îñíîâíîé çàäà÷è (2.33) � (2.34) � (2.35).

Åå ðåøåíèå áóäåì èñêàòü â âèäå

u(x, t) =

∞∑
i=1

Tn(t) sinnx. (2.37)

Ïîäñòàâèì (2.37) â óðàâíåíèå (2.33)

∞∑
i=1

(T ′
n +

1

16
n2Tn) sinnx = (cos t + 3 sin t) sin 4x.

Ñðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ sinnx, ïîëó÷èì ïðè

n = 4:

T ′
4 + T4 = cos t + 3 sin t.

ïðè n ∈ N,n ̸= 4:

T ′
n +

n2

16
Tn = 0.
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Ïîäñòàâèâ ðÿä (2.37) â óñëîâèå (2.35), ïîëó÷èì

u|t=0 =

∞∑
i=1

Tn(0) sinnx = 12 sin x,

îòêóäà

T1(0) = 12,

Tn(0) = 0, n ∈ N, n ̸= 1.

Èòàê, ïîëó÷èëè òðè çàäà÷è Êîøè: T ′
4 + T4 = cos t + 3 sin t,

T4(0) = 0; T ′
1 +

1
16T1 = 0,

T1(0) = 12; T ′
n +

n2

16Tn = 0,

Tn(0) = 0, n ∈ N, n ̸= 1, n ̸= 4.

Òðåòüÿ çàäà÷à èìååò òîëüêî òðèâèàëüíîå ðåøåíèå,

ò. ê. Tn ≡ 0 � î÷åâèäíîå ðåøåíèå ýòîé çàäà÷è, à çàäà÷à Êîøè, êàê

èçâåñòíî, èìååò åäèíñòâåííîå ðåøåíèå.

Íàéäåì T4(t):

T4(t) = T oo4 (t) + T ∗
4 (t),

ãäå T oo4 (t) � îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíå-

íèÿ, T ∗
4 (t) � ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ.

Ðåøèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

T ′
4 + T4 = 0.
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Ýòî ëèíåéíîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâî-

ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Åãî îáùåå ðåøåíèå

èìååò âèä

T oo4 (t) = A4e
−t,

ãäå A4 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

×àñòíîå ðåøåíèå T ∗
4 (t) íåîäíîðîäíîãî óðàâíåíèÿ áóäåì èñêàòü

ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ. Ïóñòü

T ∗
4 (t) = a cos t + b sin t.

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ a è b ïîäñòàâèì ýòó ôóíêöèþ â

íåîäíîðîäíîå óðàâíåíèå è ñðàâíèì êîýôôèöåíòû ïðè cos t è sin t â

ïðàâîé è ëåâîé ÷àñòÿõ ïîëó÷åííîãî ðàâåíñòâà:

1 T ∗
4 = a cos t + b sin t,

1 (T ∗
4 )

′ = −a sin t + b cos t.

Çäåñü ñëåâà ðàññòàâëåíû êîýôôèöèåíòû, íà êîòîðûå ñîîòâåòñòâó-

þùèå ïðîèçâîäíûå óìíîæàþòñÿ â óðàâíåíèèè. Èìååì

(a + b) cos t + (b− a) sin t = cos t + 3 sin t.

Îòêóäà

a + b = 1,

b− a = 3.

Íàõîäèì

a = −1, b = 2.

Òàêèì îáðàçîì, ÷àñòíîå ðåøåíèå

T ∗
4 (t) = − cos t + 2 sin t



3. ÍÅÎÄÍÎÐÎÄÍÀß ÇÀÄÀ×À Ñ ÍÅÎÄÍÎÐÎÄÍÎÑÒÜÞ Â ÓÐÀÂÍÅÍÈÈ 89

è îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

T4(t) = A4e
−t − cos t + 2 sin t.

Îïðåäåëèì A4 òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå çäà÷è Êîøè:

T4(0) = A4 − 1 = 0.

Îòêóäà

A4 = 1.

Òîãäà

T4(t) = e−t − cos t + 2 sin t.

Íàéäåì T1(t). Îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä

T1(t) = A1e
− 1

16t.

Èç íà÷àëüíîãî óñëîâèÿ çàäà÷è Êîøè íàõîäèì

T1(0) = A1 = 12.

Èòàê,

T1(t) = 12e−
t
16 ,

T4(t) = e−t − cos t + 2 sin t,

Tn(t) = 0, n ∈ N, n ̸= 1, n ̸= 4.

Ïîäñòàâëÿÿ íàéäåííûå Tn â ôóíêöèþ (2.37), ïîëó÷èì ðåøåíèå

èñõîäíîé çàäà÷è

u(x, t) = 12e−
t
16 sinx + (e−t − cos t + 2 sin t) sin 4x.

Äàëåå äåëàåì ïðîâåðêó ïîëó÷åííîãî îòâåòà.

Îòâåò. u(x, t) = 12e−t/16 sinx + (e−t − cos t + 2 sin t) sin 4x.
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4. Íåîäíîðîäíàÿ ñìåøàííàÿ çàäà÷à

äëÿ îáùèõ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà

Êàê è â ñëó÷àå óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà, ìåòîä Ôó-

ðüå ïðèìåíèì è ïðè ðåøåíèè ñìåøàííîé çàäà÷è äëÿ áîëåå îáùèõ

óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà.

Ïðèìåð 1

Íàéòè ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

ut − uxx + 2ux − u = ex sinx− t, 0 < x < π, t > 0, (2.38)

óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì

u|x=0 = 1 + t, u|x=π = 1 + t (2.39)

è íà÷àëüíîìó óñëîâèþ

u|t=0 = 1 + ex sin 2x. (2.40)

Ýòî ñìåøàííàÿ çàäà÷à äëÿ íåîäíîðîäíîãî óðàâíåíèÿ ïàðàáîëè÷å-

ñêîãî òèïà ñ íåîäíîðîäíîñòüþ â ãðàíè÷íûõ óñëîâèÿõ. ×òîáû ðå-

øèòü òàêóþ çàäà÷ó, íåîáõîäèìî:

1) cíÿòü íåîäíîðîäíîñòü ãðàíè÷íûõ óñëîâèé (2.38), ò.å. ïîäîáðàòü

ôóíêöèþ v(x, t), óäîâëåòâîðÿþùóþ ýòèì óñëîâèÿì. Ò.ê. îáà ýòè

óñëîâèÿ ÿâëÿþòñÿ óñëîâèÿìè ïåðâîãî ðîäà, ôóíêöèþ v(x, t) ìîæíî

âçÿòü â âèäå

v(x, t) = 1 + t +
x

π
((1 + t)− (1 + t)) = 1 + t;

2) ðåøåíèå èñõîäíîé çàäà÷è áóäåì èñêàòü â âèäå

u(x, t) = 1 + t + w(x, t),
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ãäå w(x, t) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ;

3) ïîäñòàâèì u(x, t) = 1 + t + w(x, t) â èñõîäíóþ çàäà÷ó

(2.38) � (2.39) � (2.40):

a) â óðàâíåíèå (2.38)

1 + wt − wxx + 2wx − (1 + t)− w = ex sinx− t, 0 < x < π, t > 0;

á) â ãðàíè÷íûå óñëîâèÿ (2.39)

u|x=0 = 1 + t + w|x=0 = 1 + t,

u|x=π = 1 + t + w|x=π = 1 + t;

â) â íà÷àëüíîå óñëîâèå (2.40)

u|t=0 = 1 + w|t=0 = 1 + ex sin 2x.

Òàêèì îáðàçîì, ïîëó÷àåì çàäà÷ó äëÿ ôóíêöèè w(x, t) :

wt − wxx + 2wx − w = ex sinx, 0 < x < π, t > 0;

w|x=0 = 0, w|x=π = 0;

w|t=0 = ex sin 2x;

4) ðåøèì ïîëó÷åííóþ çàäà÷ó. Îíà ÿâëÿåòñÿ íåîäíîðîäíîé çàäà-

÷åé ñ íåîäíîðîäíîñòüþ â óðàâíåíèè. Ïîýòîìó åå ðåøåíèå áóäåì

èñêàòü â âèäå ðÿäà

w(x, t) =

∞∑
i=1

Tn(t)Xn(x),

ãäå Xn(x) � ñîáñòâåííûå ôóíêöèè âñïîìîãàòåëüíîé îäíîðîäíîé çà-

äà÷è.
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1. Ðåøàåì âñïîìîãàòåëüíóþ îäíîðîäíóþ çàäà÷ó äëÿ íàõîæäåíèÿ

ñîáñòâåííûõ ôóíêöèé:

wt − wxx + 2wx − w = 0,

w|x=0 = 0, w|x=π = 0.

Âîñïîëüçîâàòüñÿ äàííûìè, ïðåäñòàâëåííûìè â òàáëèöå 1, ìû íå

ìîæåì. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ â âèäå

w(x, t) = X(x)T (t).

Ïðè÷åì

w|x=0 = w|x=π = 0.

Îòêóäà

X(0) = X(π) = 0.

Ïîäñòàâèì ôóíöèþ w(x, t) = X(x)T (t) â îäíîðîäíîå óðàâíåíèå

è, ðàçäåëèâ ïåðåìåííûå, ïîëó÷èì

XT ′ −X ′′T + 2X ′T −XT = 0,

T ′ − T

T
=
X ′′ − 2X ′

X
= −λ = const.

Ïîýòîìó ôóíêöèÿ X(x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Øòóðìà �

Ëèóâèëëÿ:

X ′′ − 2X ′ + λX = 0,

X(0) = 0, X(π) = 0.

Ðåøèì ýòó çàäà÷ó. Îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä

X(x) = ex(C1 cos
√
λ− 1x + C2 sin

√
λ− 1x).
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Èç ãðàíè÷íûõ óñëîâèé ñëåäóåò

X(0) = C1 = 0,

X(π) = eπC2 sin
√
λ− 1π = 0.

Îòêóäà

sin
√
λ− 1π = 0.

Èëè
√
λ− 1π = πn, n = 1, 2, ... .

Òàêèì îáðàçîì,

Xn = ex sinnx.

2. Ïåðåõîäèì ê ðåøåíèþ îñíîâíîé çàäà÷è äëÿ ôóíêöèè w. Åå

ðåøåíèå áóäåì èñêàòü â âèäå

w(x, t) =

∞∑
i=1

Tn(t)e
x sinnx.

Ïîäñòàâèì w(x, t) =
∑∞

i=1 Tn(t)e
x sinnx â íåîäíîðîäíîå óðàâíå-

íèå äëÿ ôóíêöèè w:
∞∑
i=1

T ′
ne

x sinnx−
∞∑
i=1

Tne
x(sinnx + 2n cosnx− n2 sinnx)+

+2

∞∑
i=1

Tne
x(sinnx + n cosnx)−

∞∑
i=1

Tne
x sinnx = ex sinx.

Èëè ∞∑
i=1

(T ′
n + n2Tn)e

x sinnx = ex sinx.

Ñðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ôóíêöèÿõ ex sinnx,

ïîëó÷èì:
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ïðè n = 1:

T ′
1 + 1 = 1;

ïðè n ∈ N,n ̸= 1:

T ′
n + n2Tn = 0.

Ïîäñòàâèâ ôóíêöèþ

w(x, t) =

∞∑
i=1

Tn(t)e
x sinnx

â óñëîâèå w|t=0 = ex sin 2x, ïîëó÷èì

w|t=0 =

∞∑
i=1

Tn(0)e
x sinnx = ex sin 2x.

Îòêóäà

T2(0) = 1,

Tn(0) = 0, n ∈ N, n ̸= 2.

Èòàê, ïîëó÷èëè òðè çàäà÷è Êîøè: T ′
1 + T1 = 1,

T1(0) = 0; T ′
2 + 4T2 = 0,

T2(0) = 1; T ′
n + n2Tn = 0,

Tn(0) = 0, n ∈ N, n ̸= 1, n ̸= 2.

Òðåòüÿ çàäà÷à èìååò òîëüêî òðèâèàëüíîå ðåøåíèå, ò. ê. Tn ≡ 0

� î÷åâèäíîå ðåøåíèå ýòîé çàäà÷è, à çàäà÷à Êîøè, êàê èçâåñòíî,

èìååò åäèíñòâåííîå ðåøåíèå.
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Íàéäåì T1(t). Îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî óðàâíå-

íèÿ ïåðâîãî ïîðÿäêà èìååò âèä

T1(t) = e−t(A1 + et) = A1e
−t + 1,

ãäå A1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Îïðåäåëèì A1 òàê, ÷òîáû âû-

ïîëíÿëîñü óñëîâèå çàäà÷è Êîøè:

T1(0) = A1 + 1 = 0,

A1 = −1.

Òîãäà

T1(t) = 1− e−t.

Íàéäåì T2(t). Îáùåå ðåøåíèå óðàâíåíèÿ

T ′
2 + 4T2 = 0

èìååò âèä

T2(t) = A2e
−4t.

Èç íà÷àëüíîãî óñëîâèÿ çàäà÷è Êîøè íàõîäèì

T2(0) = A2 = 1.

Èòàê,

T1(t) = e−t − 1,

T2(t) = e−4t,

Tn(t) = 0, n ∈ N, n ̸= 1, n ̸= 2.

Ïîäñòàâëÿÿ íàéäåííûå Tn â ôóíêöèþ

w(x, t) =

∞∑
i=1

Tn(t)e
x sinnx,
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ïîëó÷èì ðåøåíèå çàäà÷è äëÿ ôóíêöèè w(x, t)

w(x, t) = (1− e−t)ex sinx + ex−4t sin 2x.

Òîãäà ðåøåíèå èñõîäíîé çàäà÷è

u(x, t) = 1 + t + (e−t − 1)ex sinx + ex−4t sin 2x.

Ïîëó÷åííûé îòâåò ìîæíî ëåãêî ïðîâåðèòü.

Îòâåò. u(x, t) = 1 + t + (1− e−t)ex sinx + ex−4t sin 2x.

5. Èíäèâèäóàëüíûå çàäàíèÿ ê ãëàâå 2

Çàäà÷à 17

Íàéòè ðåøåíèå ñìåøàííîé çàäà÷è:

17.1.

ut = 8uxx,

u|x=0 = 0, u|x=3 = 0,

u|t=0 = sin 3πx + sin 5πx.

17.2.

ut = 6uxx,

u|x=0 = 0, u|x=8 = 0,

u|t=0 = 3 sin πx + 5 sin 7πx.

17.3.

ut = 9uxx,

u|x=0 = 0, u|x=3 = 0,

u|t=0 = 3 sin 7πx + 5 sin 8πx.

17.4.

ut = 9uxx,

u|x=0 = 0, u|x=1 = 0,

u|t=0 = 7 sin 2πx + 32 sin 7πx.
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17.5.

ut = 25uxx,

u|x=0 = 0, u|x=2 = 0,

u|t=0 = 12 sin 6πx + 3 sin 7πx.

17.6.

ut = 25uxx,

u|x=0 = 0, u|x=5 = 0,

u|t=0 = 16 sin πx + 2 sin 3πx.

17.7.

ut = 5uxx,

u|x=0 = 0, u|x=3 = 0,

u|t=0 = 9 sin 8πx + 5 sin 9πx.

17.8.

ut = 4uxx,

u|x=0 = 0, u|x=4 = 0,

u|t=0 = sin πx + 18 sin 3πx.

17.9.

ut = 9uxx,

u|x=0 = 0, u|x=8 = 0,

u|t=0 = 7 sin πx + 6 sin 2πx.

17.10.

ut = uxx,

u|x=0 = 0, u|x=9 = 0,

u|t=0 = 42 sin πx + 3 sin 3πx.

17.11.

ut = 3uxx,

u|x=0 = 0, u|x=12 = 0,

u|t=0 = sin πx + 8 sin 2πx.
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17.12.

ut = 5uxx,

u|x=0 = 0, u|x=3 = 0,

u|t=0 = 6 sin 3πx + sin 4πx.

17.13.

ut = 4uxx,

u|x=0 = 0, u|x=7 = 0,

u|t=0 = 2 sin 2πx + 22 sin 8πx.

17.14.

ut = 16uxx,

u|x=0 = 0, u|x=5 = 0,

u|t=0 = 9 sin 2πx + sin 4πx.

17.15.

ut = 36uxx,

u|x=0 = 0, u|x=4 = 0,

u|t=0 = 32 sin πx + sin 8πx.

17.16.

ut = 9uxx,

u|x=0 = 0, u|x=2 = 0,

u|t=0 = 13 sin 7πx.

17.17.

ut = 17uxx,

u|x=0 = 0, u|x=3 = 0,

u|t=0 = sin 2πx− 55 sin 3πx.

17.18

ut = uxx,

u|x=0 = 0, u|x=8 = 0,

u|t=0 = 24 sin 2πx + 5 sin 3πx.
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17.19.

ut = 9uxx,

u|x=0 = 0, u|x=3 = 0,

u|t=0 = 7 sin 2πx + 8 sin 3πx.

17.20.

ut = 3uxx,

u|x=0 = 0, u|x=8 = 0,

u|t=0 = 31 sin 4πx + 14 sin 2πx.

17.21.

ut = 25uxx,

u|x=0 = 0, u|x=8 = 0,

u|t=0 = 123 sin 2πx + 5 sin 3πx.

17.22.

ut = 4uxx,

u|x=0 = 0, u|x=7 = 0,

u|t=0 = 5 sin 3πx + 4 sin 5πx.

17.23.

ut = 3uxx,

u|x=0 = 0, u|x=3 = 0,

u|t=0 = 9 sin 7πx + sin 8πx.

17.24.

ut = 25uxx,

u|x=0 = 0, u|x=5 = 0,

u|t=0 = sin πx + 3 sin 5πx.

17.25.

ut = 2uxx,

u|x=0 = 0, u|x=9 = 0,

u|t=0 = 9 sin 3πx + 8 sin 4πx.



100 5. ÈÍÄÈÂÈÄÓÀËÜÍÛÅ ÇÀÄÀÍÈß Ê ÃËÀÂÅ 2

Çàäà÷à 18

Íàéòè ðåøåíèå ñìåøàííîé çàäà÷è:

18.1.

ut = 3uxx,

ux|x=0 = 0, ux|x=2 = 0,

u|t=0 = 3 cos 5πx.

18.2.

ut = 6uxx,

ux|x=0 = 0, ux|x=4 = 0,

u|t=0 = 2 cos 6πx.

18.3.

ut = 5uxx,

ux|x=0 = 0, ux|x=9 = 0,

u|t=0 = 15 cos 13πx.

18.4.

ut = 36uxx,

ux|x=0 = 0, ux|x=3 = 0,

u|t=0 = 8 cos 12πx.

18.5.

ut = 4uxx,

ux|x=0 = 0, ux|x=7 = 0,

u|t=0 = 3 cos 9πx.

18.6.

ut = 9uxx,

ux|x=0 = 0, ux|x=5 = 0,

u|t=0 = 2 cos 12πx.
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18.7.

ut = 4uxx,

ux|x=0 = 0, ux|x=9 = 0,

u|t=0 = − cos 6πx.

18.8.

ut = 25uxx,

ux|x=0 = 0, ux|x=3 = 0,

u|t=0 = 12π cos 3πx.

18.9.

ut = 49uxx,

ux|x=0 = 0, ux|x=1 = 0,

u|t=0 = 6 cos 12πx.

18.10.

ut = 9uxx,

ux|x=0 = 0, ux|x=8 = 0,

u|t=0 = 13cosπx.

18.11.

ut = 4uxx,

ux|x=0 = 0, ux|x=6 = 0,

u|t=0 = 32 cos 6πx.

18.12.

ut = 9uxx,

ux|x=0 = 0, ux|x=11 = 0,

u|t=0 = 8 cos 7πx.

18.13.

ut = 16uxx,

ux|x=0 = 0, ux|x=3 = 0,

u|t=0 = −5 cos 4πx.
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18.14.

ut = uxx,

ux|x=0 = 0, ux|x=2 = 0,

u|t=0 = 3 cos 4πx.

18.15.

ut = 9uxx,

ux|x=0 = 0, ux|x=12 = 0,

u|t=0 = 17 cos 7πx.

18.16.

ut = 4uxx,

ux|x=0 = 0, ux|x=8 = 0,

u|t=0 = −7 cos 5πx.

18.17.

ut = 36uxx,

ux|x=0 = 0, ux|x=4 = 0,

u|t=0 = −54 cos 9πx.

18.18.

ut = 25uxx,

ux|x=0 = 0, ux|x=3 = 0,

u|t=0 = 31 cos 5πx.

18.19.

ut = 4uxx,

ux|x=0 = 0, ux|x=3 = 0,

u|t=0 = 2 cos 9πx.

18.20.

ut = 9uxx,

ux|x=0 = 0, ux|x=8 = 0,

u|t=0 = 5 cos 4πx.
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18.21.

ut = 16uxx,

ux|x=0 = 0, ux|x=9 = 0,

u|t=0 = −3 cos 9πx.

18.22.

ut = 25uxx,

ux|x=0 = 0, ux|x=4 = 0,

u|t=0 = 13 cos 5πx.

18.23.

ut = 9uxx,

ux|x=0 = 0, ux|x=4 = 0,

u|t=0 = 12 cos 9πx.

18.24.

ut = 25uxx,

ux|x=0 = 0, ux|x=7 = 0,

u|t=0 = 24 cos 5πx.

18.25.

ut = 4uxx,

ux|x=0 = 0, ux|x=15 = 0,

u|t=0 = 2 cos 2πx.

Çàäà÷à 19

Íàéòè ðåøåíèå ñìåøàííîé çàäà÷è:

19.1.

ut = 4uxx,

ux|x=0 = 0, u|x=1,5 = 0,

u|t=0 = 24 cos 3πx.
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19.2.

ut = 9uxx,

u|x=0 = 0, ux|x=3,5 = 0,

u|t=0 = sin 7πx.

19.3.

ut = 16uxx,

ux|x=0 = 0, u|x=2,5 = 0,

u|t=0 = 23 cos 3πx.

19.4.

ut = 16uxx,

u|x=0 = 0, ux|x=1,5 = 0,

u|t=0 = 3 sin 5πx.

19.5.

ut = 4uxx,

ux|x=0 = 0, u|x=2,5 = 0,

u|t=0 = 23 cos 5πx.

19.6.

ut = 9uxx,

u|x=0 = 0, ux|x=2,5 = 0,

u|t=0 = 4 sin 7πx.

19.7.

ut = 81uxx,

ux|x=0 = 0, u|x=1,5 = 0,

u|t=0 = 3 cos 5πx.

19.8.

ut = 16uxx,

u|x=0 = 0, ux|x=2,5 = 0,

u|t=0 = 5 sin 3πx.
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19.9.

ut = 9uxx,

ux|x=0 = 0, u|x=3,5 = 0,

u|t=0 = 23 cos 3πx.

19.10.

ut = 4uxx,

u|x=0 = 0, ux|x=2,5 = 0,

u|t=0 = 12 sin 13πx.

19.11.

ut = 9uxx,

ux|x=0 = 0, u|x=1,5 = 0,

u|t=0 = 14 cos 5πx.

19.12.

ut = uxx,

u|x=0 = 0, ux|x=4,5 = 0,

u|t=0 = 7 sin 5πx.

19.13.

ut = 81uxx,

u|x=0 = 0, ux|x=2,5 = 0,

u|t=0 = 23 sin 7πx.

19.14.

ut = 4uxx,

ux|x=0 = 0, u|x=1,5 = 0,

u|t=0 = 8 cos 15πx.

19.15.

ut = 9uxx,

u|x=0 = 0, ux|x=3,5 = 0,

u|t=0 = 31 sin 7πx.
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19.16.

ut = 16uxx,

ux|x=0 = 0, u|x=1,5 = 0,

u|t=0 = 33 cos 7πx.

19.17.

ut = 25uxx,

u|x=0 = 0, ux|x=3,5 = 0,

u|t=0 = 42 sin 9πx.

19.18.

ut = 9uxx,

ux|x=0 = 0, u|x=2,5 = 0,

u|t=0 = 7 cos 13πx.

19.19.

ut = 16uxx,

u|x=0 = 0, ux|x=1,5 = 0,

u|t=0 = 15 sin 7πx.

19.20.

ut = 25uxx,

ux|x=0 = 0, u|x=7,5 = 0,

u|t=0 = 12 cos 5πx.

19.21.

ut = 64uxx,

u|x=0 = 0, ux|x=3,5 = 0,

u|t=0 = 24 sin 13πx.

19.22.

ut = 81uxx,

ux|x=0 = 0, u|x=6,5 = 0,

u|t=0 = 44 cos 5πx.
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19.23.

ut = 16uxx,

u|x=0 = 0, ux|x=2,5 = 0,

u|t=0 = 5 sin 7πx.

19.24

ut = 49uxx,

ux|x=0 = 0, u|x=1,5 = 0,

u|t=0 = 25 cos 3πx.

19.25.

ut = 9uxx,

u|x=0 = 0, ux|x=3,5 = 0,

u|t=0 = 15 sin 5πx.

Çàäà÷à 20

Íàéòè ðåøåíèå ñìåøàííîé çàäà÷è:

20.1.

ut = 49uxx,

u|x=0 = −10, u|x=4 = 6,

u|t=0 = −10 + 4x + 5 sin 3πx.

20.2.

ut = 49uxx,

u|x=0 = −4, u|x=3 = 2,

u|t=0 = −4 + 2x + 8 sin 2πx.

20.3.

ut = 49uxx,

u|x=0 = −8, u|x=2 = 4,

u|t=0 = −8 + 6x + 3 sin 8πx.
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20.4.

ut = 16uxx,

u|x=0 = 2, u|x=7 = −12,

u|t=0 = 2− 2x + 9 sin 5πx.

20.5.

ut = 36uxx,

u|x=0 = −1, u|x=2 = −5,

u|t=0 = −1− 2x + 5 sin 3πx.

20.6.

ut = 36uxx,

u|x=0 = −12, u|x=2 = 2,

u|t=0 = −12 + 7x + 9 sin 3πx.

20.7.

ut = 36uxx,

u|x=0 = 6, u|x=7 = 8,

u|t=0 = 6 + 2x + 2 sin 9πx.

20.8.

ut = 36uxx,

u|x=0 = −5, u|x=4 = 7,

u|t=0 = −5 + 3x + 3 sin 9πx.

20.9.

ut = 9uxx,

u|x=0 = −2, u|x=9 = 16,

u|t=0 = −2 + 2x + 2 sin 13πx.

20.10.

ut = 25uxx,

u|x=0 = −3, u|x=3 = 12,

u|t=0 = −3 + 5x + 5π sin 13πx.
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20.11.

ut = 4uxx,

u|x=0 = 4, u|x=5 = 9,

u|t=0 = 4 + x + 17 sin πx.

20.12.

ut = 16uxx,

u|x=0 = −7, u|x=3 = 2,

u|t=0 = −7 + 3x + 12 sin 3πx.

20.13.

ut = 25uxx,

u|x=0 = −4, u|x=5 = 16,

u|t=0 = −4 + 4x + sin 9πx.

20.14.

ut = 16uxx,

u|x=0 = 3, u|x=3 = 12,

u|t=0 = 3 + 3x + 8 sin 15πx.

20.15.

ut = 16uxx,

u|x=0 = −9, u|x=2 = 3,

u|t=0 = −9 + 6x + 7 sin 4πx.

20.16.

ut = 16uxx,

u|x=0 = 1, u|x=1 = 7,

u|t=0 = 1 + 6x + 13 sin 5πx.

20.17.

ut = 16uxx,

u|x=0 = 4, u|x=6 = 16,

u|t=0 = 4 + 2x + sin 3πx.
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20.18.

ut = 9uxx,

u|x=0 = −9, u|x=4 = 11,

u|t=0 = −9 + 5x + 12 sin 3πx.

20.19.

ut = 9uxx,

u|x=0 = 4, u|x=5 = 14,

u|t=0 = 4 + 2x + 3 sin 12πx.

20.20.

ut = 9uxx,

u|x=0 = 8, u|x=3 = 2,

u|t=0 = 8− 2x + 5 sin 12πx.

20.21.

ut = 9uxx,

u|x=0 = −3, u|x=3 = 9,

u|t=0 = −3 + 4x + 4 sin 12πx.

20.22.

ut = 4uxx,

u|x=0 = 5, u|x=5 = 15,

u|t=0 = 5 + 2x + 8π sin 5πx.

20.23.

ut = 4uxx,

u|x=0 = −2, u|x=1 = 4,

u|t=0 = −2 + 6x + 12 sin πx.

20.24.

ut = 4uxx,

u|x=0 = 3, u|x=3 = 12,

u|t=0 = 3 + 3x + 7π sin 15πx.



5. ÈÍÄÈÂÈÄÓÀËÜÍÛÅ ÇÀÄÀÍÈß Ê ÃËÀÂÅ 2 111

20.25.

ut = 4uxx,

u|x=0 = −8, u|x=2 = 4,

u|t=0 = −8 + 6x + 7 sin 4πx.

Çàäà÷à 21

Íàéòè ðåøåíèå ñìåøàííîé çàäà÷è:

21.1.

ut = 16uxx + (sin t + 2 cos t) sin 6x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = sin x.

21.2.

ut = uxx + e4t sin 8x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 2 sin 3x.

21.3.

ut = 4uxx + 2 sin 3t sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 6 sin 7x.

21.4.

ut =
1
4uxx + 5t sin 7x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 3 sin x.

21.5.

ut =
1
81uxx + cos t sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 3 sin 6x.
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21.6.

ut = 9uxx + e−t sin 3x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = sin 4x.

21.7.

ut = 36uxx + e4t sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 3 sin 4x.

21.8.

ut = 36uxx + (sin t + cos t) sin 3x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = sin x.

21.9.

ut =
1
36uxx + (t− 1) sin 5x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 2 sin 2x.

21.10.

ut =
1
36uxx + 4 cos t sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 5 sin 3x.

21.11.

ut = 49uxx + 3 sin 2t sinx,

u|x=0 = 0, u|x=π = 0,

u|t=0 = sin 3x.

21.12.

ut =
1
49uxx + (t + 1) sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 3 sin x.
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21.13.

ut =
1
49uxx + 5 cos t sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 2 sin 5x.

21.14.

ut = 16uxx + et sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 3 sin 4x.

21.15.

ut = 16uxx + 3 sin 2t sin 6x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 2 sin x.

21.16.

ut =
1
16uxx + 5t sinx,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 6 sin 3x

21.17.

ut =
1
16uxx + (2 cos t + sin t) sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = sin 5x.

21.18.

ut = 25uxx + e−4t sin 8x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 4 sin x.

21.19.

ut = 25uxx + 3 sin 4t sin 4x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 2 sin 2x.
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21.20.

ut =
1
25uxx + (2t + 1)) sin 7x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 3 sin x.

21.21.

ut =
1
25uxx + 6 cos 3t sin 2x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 2 sin 2x.

21.22.

ut =
1
9uxx + cos 2t sinx,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 4 sin x, ut|t=0 = 0.

21.23.

ut =
1
4uxx + 2t sin 9x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = sin 3x.

21.24.

ut = 9uxx + sin t sin 6x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 3 sin x.

21.25.

ut = 4uxx + e−2t sin 7x,

u|x=0 = 0, u|x=π = 0,

u|t=0 = 2 sin 2x.



Ãëàâà 3

Ðåøåíèå êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ

Ëàïëàñà â ïðîñòåéøèõ îáëàñòÿõ ìåòîäîì

Ôóðüå

1. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå

Ïóñòü ΩR � êðóã ñ öåíòðîì â òî÷êå (0, 0) ðàäèóñà R ñ ãðàíèöåé

SR:

ΩR : {(x, y)|x2 + y2 < R2},

SR : {x2 + y2 = R2}.

I. Ðàññìîòðèì âíóòðåííþþ çàäà÷ó Äèðèõëå: íàéòè ôóíêöèþ, ãàð-

ìîíè÷åñêóþ â êðóãå ΩR, íåïðåðûâíóþ â ΩR, óäîâëåòâîðÿþùóþ çà-

äàííîìó ãðàíè÷íîìó óñëîâèþ, ò. å.

∆u = 0, (x, y) ∈ ΩR, (3.1)

u|SR = f (P ), P ∈ SR, (3.2)

ïðè÷åì f (P ) ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé íà ñôåðå SR

ôóíêöèåé.

115
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Â çàäà÷å (3.1) � (3.2) ïåðåéäåì ê ïîëÿðíûì êîîðäèíàòàì:

∆u(r, φ) ≡ 1

r

∂

∂r

(
r
∂u

∂r

)
+

1

r2
∂2u

∂φ2
= 0, (3.3)

u|r=R = f (φ), f (φ + 2π) = f (φ). (3.4)

Èç ôèçè÷åñêèõ ñîîáðàæåíèé ôóíêöèÿ u(r, φ) äîëæíà áûòü îãðàíè-

÷åííîé â êðóãå ΩR è 2π-ïåðèîäè÷åñêîé ôóíêöèåé:

u(r, φ + 2π) = u(r, φ)

|u| < A, (r, φ) ∈ ΩR, A > 0.

Ðåøåíèå çàäà÷è áóäåì èñêàòü â âèäå

u(r, φ) = F (r)Φ(φ) (3.5)

Ïîäñòàâèâ (3.5) â óðàâíåíèå (3.3), ïîëó÷èì

1

r
F ′Φ + F ′′Φ +

1

r2
FΦ′′ = 0.

Óìíîæèì ïîñëåäíåå ðàâíåíñòâî íà r2

FΦ:

r2F ′′ + rF ′

F
= −Φ′′

Φ

Â ïîñëåäíåì ðàâåíñòâå ñëåâà ñòîèò ôóíêöèÿ, çàâèñÿùàÿ îò ïåðå-

ìåííîé r, ñïðàâà � îò ïåðåìåííîé φ. Ðàâåíñòâî âîçìîæíî, åñëè

îáå ýòè ôóíêöèè ðàâíû îäíîé è òîé æå êîíñòàíòå A.

r2F ′′ + rF ′

F
= −Φ′′

Φ
= A : (3.6)

Ðàâåíñòâà (2.) � ýòî äâà óðàâíåíèÿ

r2F ′′ + rF ′

F
= A, (3.7)
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−Φ′′

Φ
= A. (3.8)

Ïðè÷åì èç ïåðèîäè÷íîñòè ôóíêöèè u(r, φ) ñëåäóåò ïåðèîäè÷íîñòü

ôóíêöèè Φ(φ). Âûÿñíèì, êàêîé äîëæíà áûòü êîíñòðàíòà A, ÷òîáû

ïîëó÷èòü 2π - ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ (3.8).

1. Ïóñòü A < 0. Óðàâíåíèå (3.8) èìååò âèä

Φ′′ + AΦ = 0.

Ýòî ëèíåéíîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðî-

ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. ×òîáû åãî ðåøèòü,

ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

k2 + A = 0.

Êîðíè ýòîãî óðàâíåíèÿ

k1 =
√
−A, k2 = −

√
−A

âåùåñòâåííû è ðàçëè÷íû. Ïîýòîìó îáùåå ðåøåíèå èìååò âèä

Φ(φ) = C1e
−
√
−Aφ + C2e

√
−Aφ.

Íî ýòà ôóíêöèÿ íå ÿâëÿåòñÿ ïåðèîäè÷åñêîé.

2. Ïóñòü A = 0.

Òîãäà óðàâíåíèå (2.) èìååò âèä

Φ′′ = 0.

Åãî îáùåå ðåøåíèå

Φ(φ) = C1φ + C2.
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Ýòà ôóíêöèÿ òàêæå íå ÿâëÿåòñÿ ïåðèîäè÷åñêîé ïðè C1 ̸= 0.

3. Ïóñòü A > 0. Ïîëîæèì A = λ2. Òîãäà óðàâíåíèå (2.) ìîæíî

çàïèñàòü â âèäå

Φ′′ + λ2Φ = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

k2 + λ2 = 0

èìååò ìíèìûå êîðíè

λ1,2 = ±i.

Â ýòîì ñëó÷àå îáùåå ðåøåíèå

Φ(φ) = C1 cosλφ + C2 sinλφ

áóäåò 2π-ïåðèîäè÷åñêîé ôóíêöèåé òîëüêî ïðè λ = n, n ∈ Z.

Èòàê,

Φn(φ) = An cosλφ +Bn sinλφ. (3.9)

Íàéäåì ôóíêöèþ F (r). Èç óðàâíåíèÿ (3.7) ïðè A = λ2 = n2 è

n ̸= 0 ïîëó÷èì óðàâíåíèå Ýéëåðà

r2F ′′ + rF ′ − n2F = 0. (3.10)

Åãî ðåøåíèå áóäåì èñêàòü â âèäå

F = rα,
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ãäå α � ïàðàìåòð, ïîäëåæàùèé îïðåäåëåíèþ. Ïîäñòàâèâ ýòó ôóíê-

öèþ â óðàâíåíèå (3.10), ïîëó÷èì

α(α− 1)rα−2r2 + αrα − n2rα = 0.

rα(α2 − α + α− n2) = 0.

Îòêóäà α = ±n. Òîãäà èìååì äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ

óðàâíåíèÿ (3.10):

F1 = rn, F2 = r−n.

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

Fn(r) = Cnr
n +Dnr

−n. (3.11)

Ðàññìîòðèì îòäåëüíî ñëó÷àé n = 0. Â ýòîì ñëó÷àå èìååì óðàâ-

íåíèå, äîïóñêàþùåå ïîíèæåíèå ïîðÿäêà:

r2F ′′ + rF ′ = 0.

Ââåäåì íîâóþ íåèçâåñòíóþ ôóíêöèþ

F ′ = y,

r2y′ + ry = 0,

y′ +
1

r
y = 0.

Ïîñëåäíåå óðàâíåíèå ÿâëÿåòñÿ ëèíåéíûì óðàâíåíèåì ïåðâîãî ïî-

ðÿäêà, îíî òàêæå ÿâëÿåòñÿ óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåí-

íûìè. Åãî îáùåå ðåøåíèå

y = C0e
− ln r =

C0

r
.
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Òîãäà

F ′(r) =
C0

r
.

Îòêóäà

F0(r) = C0 ln r +D0. (3.12)

Ó÷èòûâàÿ ðàâåíñòâà (3.9), (3.10) è (3.12), ñîñòàâèì ôîðìàëüíûé

ðÿä

u(r, φ) = C0 ln r +D0 +

∞∑
n=1

(An cosnφ +Bn sinnφ)(Cnr
n +Dnr

−n).

Èëè èíà÷å, ïåðåîáîçíà÷èâ ïîñòîÿííûå:

u(r, φ) = C0 ln r +D0 +

+

∞∑
n=1

(
(Anr

−n + Cnr
n) cosnφ + (Bnr

−n +Dnr
n) sinnφ

)
.

(3.13)

Ìû ñåé÷àñ ðàññìàòðèâàåì âíóòðåííþþ çàäà÷ó Äèðèõëå. Îáëàñòü

ΩR ñîäåðæèò òî÷êó (0, 0). Ïîýòîìó, ó÷èòûâàÿ îãðàíè÷åííîñòü ôóíê-

öèè u(r, φ), íóæíî ïîëîæèòü

C0 = 0, An = 0, Bn = 0,

òàê êàê ln r, r−n ñòðåìÿòñÿ ê áåñêîíå÷íîñòè ïðè r → 0.

Òîãäà èç ôîðìóëû (3.13) ïîëó÷èì

u(r, φ) = D0 + +

∞∑
n=1

rn (Cn cosnφ +Dn sinnφ) . (3.14)

Îïðåäåëèì ïðîèçâîëüíûå ïîñòîÿííûåD0, Cn, Dn òàê, ÷òîáû âû-

ïîëíÿëîñü ãðàíè÷íîå óñëîâèå (3.4)

u|r=R =

∞∑
n=0

Rn (Cn cosnφ +Dn sinnφ) = f (φ).
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Ðàçëîæèì ôóíêöèþ f (φ) â ïîëíûé ðÿä Ôóðüå ïî ñèñòåìå ôóíêöèé

{cosnx, sinnx}:

f (φ) =

∞∑
n=0

(αn cosnφ + βn sinnφ),

ãäå αn è βn îïðåäåëÿþòñÿ ïî ôîðìóëàì êîýôôèöèåíòîâ Ôóðüå. Òî-

ãäà
∞∑
n=0

Rn (Cn cosnφ +Dn sinnφ) =

∞∑
n=0

(αn cosnφ + βn sinnφ).

Îòêóäà

Cn =
αn
Rn
, Bn =

βn
Rn
.

Ïîäñòàâèâ íàéäåííûå êîýôôèöèåíòû â ôîðìóëó (3.14), ïîëó÷èì

u(r, φ) =

∞∑
n=0

( r
R

)n
(αn cosnφ + βn sinnφ) . (3.15)

Íåòðóäíî ïîêàçàòü, ÷òî ðÿä (3.15) ñõîäèòñÿ è ñõîäÿòñÿ ðÿäû, ïî-

ëó÷åííûå èç íåãî äèôôåðåíöèðîâàíèåì äâàæäû ïî x è ïî t. Ñëåäî-

âàòåëüíî, ôîðìóëà (3.15) äàåò ðåøåíèå âíóòðåííåé çàäà÷è Äèðèõëå

(3.3) � (3.4).

II. Ðàññìîòðèì âíåøíþþ çàäà÷ó Äèðèõëå: íàéòè ôóíêöèþ, ãàð-

ìîíè÷åñêóþ âíå êðóãà ΩR, íåïðåðûâíóþ âïëîòü äî ãðàíèöû, óäî-

âëåòâîðÿþùóþ çàäàííîìó ãðàíè÷íîìó óñëîâèþ, ò. å.

∆u = 0, (x, y) /∈ ΩR,

u|r=R = f (φ).

Òåïåðü îáëàñòü, â êîòîðîé ðàññìàòðèâàåòñÿ çàäà÷à, íå ñîäåðæèò

òî÷êó (0, 0), íî îíà ñîäåðæèò áåñêîíå÷íî óäàëåííóþ òî÷êó. Ïîýòîìó
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â ôîðìóëå (3.13) íóæíî ïîëîæèòü

C0 = 0, Cn = 0, Dn = 0,

òàê êàê ln r, rn ñòðåìÿòñÿ ê áåñêîíå÷íîñòè ïðè r → ∞. Òîãäà ïî-

ëó÷èì

u(r, φ) = D0 +

∞∑
n=1

1

rn
(An cosnφ +Bn sinnφ) . (3.16)

Îïðåäåëèì ïðîèçâîëüíûå ïîñòîÿííûå D0, An, Bn òàê, ÷òîáû âû-

ïîëíÿëîñü ãðàíè÷íîå óñëîâèå (3.4)

u|r=R =

∞∑
n=0

1

Rn
(An cosnφ +Bn sinnφ) = f (φ).

Ðàçëîæèì ôóíêöèþ f (φ) â ïîëíûé ðÿä Ôóðüå ïî ñèñòåìå ôóíêöèé

{cosnx, sinnx}:

f (φ) =

∞∑
n=0

(αn cosnφ + βn sinnφ),

ãäå αn è βn îïðåäåëÿþòñÿ ïî ôîðìóëàì êîýôôèöèåíòîâ Ôóðüå. Òî-

ãäà
∞∑
n=0

1

Rn
(An cosnφ +Bn sinnφ) =

∞∑
n=0

(αn cosnφ + βn sinnφ).

Îòêóäà

D0 = α0, An = αnR
n, Bn = βnR

n, n = 1, 2, ... .

Ïîäñòàâèâ íàéäåííûå êîýôôèöèåíòû â ôîðìóëó (3.16), ïîëó÷èì

u(r, φ) =

∞∑
n=0

(
R

r

)n
(αn cosnφ + βn sinnφ) . (3.17)
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Àíàëèçèðóÿ ôîðìóëû (3.15) è (3.17), ìîæíî ñäåëàòü ñëåäóþùèé

âûâîä:

ïðè ðåøåíèè âíóòðåííåé è âíåøíåé çàäà÷ Äèðèõëå äëÿ óðàâíå-

íèÿ Ëàïëàñà â êðóãå íåîáõîäèìî ðàçëîæèòü ãðàíè÷íóþ ôóíêöèþ

â ïîëíûé ðÿä Ôóðüå ïî ñèñòåìå ôóíêöèé {cosnφ, sinnφ} è êàæ-

äîå n-å ñëàãàåìîå ýòîãî ðÿäà óìíîæèòü íà
(
r
R

)n
äëÿ âíóòðåííåé

çàäà÷è Äèðèõëå è íà
(
R
r

)n
� äëÿ âíåøíåé.

Ïðèìåð 1 (ïðèìåð âûïîëíåíèÿ çàäà÷è 22).

Ðåøèòü çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå

∆u = 0, 0 ≤ r < 2,

u|r=2 = 2 cos3 φ− sin3 φ + sinφ.

Ýòî âíóòðåííÿÿ çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå.

Ôóíêöèÿ, îïðåäåëÿåìàÿ ôîðìóëîé (3.15), äàåò ðåøåíèå ýòîé çàäà-

÷è. Èñïîëüçóÿ òðèãîíîìåòðè÷åñêèå ôîðìóëû òðîéíîãî óãëà, ïðåä-

ñòàâèì ãðàíè÷íóþ ôóíêöèþ â âèäå

u|r=2 = 2 cos3 φ− sin3 φ + sinφ =

=
3

2
cosφ +

1

2
cos 3φ− 3

4
sinφ +

1

4
sin 3φ + sinφ =

=
3

2
cosφ +

1

2
cos 3φ +

1

4
sinφ +

1

4
sin 3φ.

Äëÿ òîãî ÷òîáû ïîëó÷èòü ðåøåíèå çàäà÷è, íåîáõîäèìî êàæäîå n-å

ñëàãàåìîé óìíîæèòü íà
(
r
2

)n
:

u(r, φ) =
r

2

(
3

2
cosφ +

1

4
sinφ

)
+
(r
2

)3(1
2
cos 3φ +

1

4
sin 3φ

)
.

Îòâåò. u(r, φ) = r
2

(
3
2 cosφ + 1

4 sinφ
)
+
(
r
2

)3 (1
2 cos 3φ + 1

4 sin 3φ
)
.
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Ïðèìåð 2 (ïðèìåð âûïîëíåíèÿ çàäà÷è 22)

Ðåøèòü çàäà÷ó Äèðèõëå:

∆u = 0, r > 3,

u|r=3 = 4 cos3 φ− 4 sin3 φ + 3 sinφ + cosφ + 2.

Ýòî âíåøíÿÿ çàäà÷à Äèðèõëå. Ïðåäñòàâèì ãðàíè÷íóþ ôóíêöèþ

â âèäå

u|r=3 = 4 cos3 φ− 4 sin3 φ + 3 sinφ + cosφ + 2 =

= 4

(
3

4
cosφ +

1

4
cos 3φ

)
−4

(
3

4
sinφ− 1

4
sin 3φ

)
+3 sinφ+cosφ+2 =

= 2 + 2 cosφ + cos 3φ + sin 3φ.

Äëÿ òîãî ÷òîáû ïîëó÷èòü ðåøåíèå çàäà÷è, íåîáõîäèìî êàæäîå

n-å ñëàãàåìîå óìíîæèòü íà
(
3
r

)n
:

u(r, φ) = 2 +
3

r
· 2 cosφ +

(
3

r

)3

(cos 3φ + sin 3φ) .

Îòâåò. u(r, φ) = 2 + 6
r cosφ +

(
3
r

)3
(cos 3φ + sin 3φ) .

2. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â êîëüöå è

êðóãîâîì ñåêòîðå

Åñëè îáëàñòü Ω � êîëüöî {(r, φ)|R1 < r < R2, 0 < φ < 2π}, òî
îíà íå ñîäåðæèò íè áåñêîíå÷íî óäàëåííóþ òî÷êó, íè òî÷êó (0, 0).

Ðåøåíèå âíóòðåííåé çàäà÷è Äèðèõëå â ýòîì ñëó÷àå èùåòñÿ ïî ôîð-

ìóëå (3.13) ïðåäûäóùåãî ïàðàãðàôà, ïðîèçâîëüíûå ïîñòîÿííûå â

êîòîðîé îïðåäåëÿþòñÿ èç ãðàíè÷íûõ óñëîâèé çàäà÷è.



2. ÇÀÄÀ×À ÄÈÐÈÕËÅ Â ÊÎËÜÖÅ È ÊÐÓÃÎÂÎÌ ÑÅÊÒÎÐÅ 125

Ïðèìåð 1.

Ðåøèòü çàäà÷ó Äèðèõëå â êîëüöå:

∆u = 0, 1 < r < 2,

u|r=1 = 1 + cos2 φ,

u|r=2 = sin2 φ.

Ðåøåíèå óðàâíåíèÿ Ëàïëàñà äàåòñÿ ôîðìóëîé (3.13)

u(r, φ) = C0 ln r +D0+

+

∞∑
n=1

(
(Anr

−n + Cnr
n) cosnφ + (Bnr

−n +Dnr
n) sinnφ

)
.

ÎïðåäåëèìAn, Bn, Cn, Dn òàê, ÷òîáû âûïîëíÿëèñü ãðàíè÷íûå óñëî-

âèÿ. Ñíà÷àëà ïðåîáðàçóåì ãðàíè÷íûå ôóíêöèè

1 + cos2 φ = 1 +
1 + cos 2φ

2
=

3

2
+

1

2
cos 2φ,

sin2 φ =
1− cos 2φ

2
=

1

2
− 1

2
cos 2φ.

Ïîäñòàâèâ (3.13) â ãðàíè÷íûå óñëîâèÿ, ïîëó÷èì

u|r=1 = D0+

∞∑
n=1

((An + Cn) cosnφ + (Bn +Dn) sinnφ) =
3

2
+
1

2
cos 2φ,

u|r=2 = C0 ln 2 +D0+

+

∞∑
n=1

(
(An2

−n + Cn2
n) cosnφ + (Bn2

−n +Dn2
n) sinnφ

)
=

=
1

2
− 1

2
cos 2φ.

Ñðàâíèâàÿ êîýôôèöèåíòû ïðè sinnx è cosnx, äëÿ îïðåäåëåíèÿ

An, Dn, Bn, Cn ïîëó÷èì ñèñòåìû
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n = 0:

 D0 =
3
2,

C0 ln 2 +D0 =
1
2.

n = 2:

 A2 + C2 =
1
2,

1
4A2 + 4C2 = −1

2,

 B2 +D2 = 0,

1
4B2 + 4D2 = 0.

n ̸= 0, n ̸= 2:

 An + Cn = 0,

2−nAn + 2nCn = 0,

 Bn +Dn = 0,

2−nBn + 2nDn = 0.

Ñëåäîâàòåëüíî,

D0 =
3

2
, C0 = − 1

ln 2
, A2 =

2

3
, C2 = −1

6
, B2 = 0, D2 = 0,

An = 0, Bn = 0, Cn = 0, Dn = 0, n = 1, 3, 4, ... .

Ïîäñòàâëÿÿ íàéäåííûå êîýôôèöèåíòû â ôîðìóëó (3.13), ïîëó÷èì

u(r, φ) = −lnr
ln2

+
3

2
+

(
2

3r2
− r2

6

)
.

Îòâåò. u(r, φ) = − lnr
ln2 +

3
2 +
(

2
3r2

− r2

6

)
.

Ïðèìåð 2 (ïðèìåð âûïîëíåíèÿ çàäà÷è 23).

Íàéòè ðåøåíèå óðàâíåíèÿ Ëàïëàñà â êðóãîâîì ñåêòîðå, íà ãðàíè-

öå êîòîðîãî èñêîìàÿ ôóíêöèÿ óäîâëåòâîðÿåò çàäàííûì ãðàíè÷íûì

óñëîâèÿì.

Ðàññìîòðèì çàäà÷ó Äèðèõëå:

∆u = 0, 0 < r < 1, 0 < φ < π
3 ,

u|r=1 = sin 6φ,

u|φ=0 = 0,

u|φ=π/3 = 0.
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Óðàâíåíèå Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ èìååò âèä

1

r

∂

∂r

(
r
∂u

∂r

)
+

1

r2
∂2u

∂φ2
= 0.

Ðåøåíèå çàäà÷è áóäåì èñêàòü â âèäå

u(r, φ) = F (r)Φ(φ)

Ïîäñòàâèâ ýòó ôóíêöèþ â óðàâíåíèå Ëàïëàñà è ðàçäåëèâ ïåðåìåí-

íûå, ïîëó÷èì
r2F ′′ + rF ′

F
= −Φ′′

Φ
= −λ2.

Ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ, äëÿ ôóíêöèé F (r) è Φ(r) ïîëó÷àåì

çàäà÷è:

1) çàäà÷à äëÿ Φ(φ):

Φ′′ + λ2Φ = 0.

Φ(0) = 0, Φ(
π

3
) = 0;

2) çàäà÷à äëÿ ôóíêöèè F (r):

r2F ′′ + rF ′ − 9n2F = 0.

|F (0)| <∞.

Ðåøàåì çàäà÷ó 1): îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä

Φ(φ) = C1 cosλφ + C2 sinλφ.

Èç ãðàíè÷íûõ óñëîâèé ñëåäóåò

Φ(0) = C1 = 0,

Φ(
π

3
) = C2 sin

λπ

3
= 0.
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Îòêóäà
λπ

3
= πn, n = 1, 2, ... ,

λn = 3n, n = 1, 2, ... .

Òîãäà

Φn(φ) = C2 sin 3nφ, n = 1, 2, ... .

Ðåøèì çàäà÷ó 2).

Íàéäåì ôóíêöèþ F (r). Äëÿ íåå ïðè λ = 3n ïîëó÷èì óðàâíåíèå

Ýéëåðà

r2F ′′ + rF ′ − 9n2F = 0.

Åãî ðåøåíèå áóäåì èñêàòü â âèäå

F = rα,

ãäå α � ïàðàìåòð, ïîäëåæàùèé îïðåäåëåíèþ. Ïîäñòàâèâ ýòó ôóíê-

öèþ â óðàâíåíèå, ïîëó÷èì

α(α− 1)rα−2r2 + αrα − 9n2rα = 0,

rα(α2 − α + α− 9n2) = 0.

Îòêóäà α = ±3n. Òîãäà èìååì äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ

ðàññìàòðèâàåìîãî óðàâíåíèÿ:

F1 = r3n, F2 = r−3n

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

Fn(r) = Cnr
3n +Dnr

−3n.
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Cëó÷àé n = 0 â ýòîé çàäà÷å ðàññìàòðèâàòü íå íóæíî, ïîñêîëüêó

ïðè n = 0 Φ(φ) = 0, à ñëåäîâàòåëüíî, è u(r, φ) = 0. Íî u(r, φ) = 0

íå ÿâëÿåòñÿ ðåøåíèåì ðàññìàòðèâàåìîé çàäà÷è. Ó÷èòûâàÿ óñëîâèå

îãðàíè÷åííîñòè ïðè r = 0, íåîáõîäèìî ïîëîæèòü Dn = 0.

Cîñòàâèì ôîðìàëüíûé ðÿä

u(r, φ) =

∞∑
n=1

(Cnr
3n)C2 sin 3nφ.

Èëè

u(r, φ) =

∞∑
n=1

(Anr
3n) sin 3nφ,

ãäå ââåäåíî îáîçíà÷åíèå An = Cn · C2.

Îïðåäåëèì An òàê, ÷òîáû âûïîëíÿëîñü ïåðâîå ãðàíè÷íîå óñëîâèå

çàäà÷è:

u|r=1 =

∞∑
n=1

An sin 3nφ = sin 6φ.

Ñëåäîâàòåëüíî, ñðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ sin 3nφ,

íàéäåì

A2 = 1, An = 0, n ̸= 2.

Ïîäñòàâèâ íàéäåííûå êîýôôèöèåíòû â ôóíêöèþ u(r, φ), ïîëó÷èì

ðåøåíèå çàäà÷è:

u(r, φ) = r6 sin 6φ.

Îòâåò. u(r, φ) = r6 sin 6φ.
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3. Èíäèâèäóàëüíûå çàäàíèÿ ê ãëàâå 3

Çàäà÷à 22

Íàéòè ôóíêöèþ, ãàðìîíè÷åñêóþ â êðóãå ΩR (èëè âíå êðóãà),

íåïðåðûâíóþ âïëîòü äî ãðàíèöû SR, óäîâëåòâîðÿþùóþ çàäàííî-

ìó ãðàíè÷íîìó óñëîâèþ:

22.1.
∆u = 0, 0 ≤ r < 2, 0 ≤ φ < 2π,

u|r=2 = 4 cos3 φ + 4 sin3 φ + 3 sinφ + 3.

22.2.
∆u = 0, r > 1, 0 ≤ φ < 2π,

u|r=1 = 5 cos3 φ + sin3 φ + sinφ− cosφ.

22.3.
∆u = 0, 0 ≤ r < 1, 0 ≤ φ < 2π,

u|r=1 = cos3 φ− 4 sin3 φ + 2 sinφ− 6.

22.4.
∆u = 0, r > 3, 0 ≤ φ < 2π,

u|r=3 = 4 sin3 φ− 3 sinφ + cosφ.

22.5.
∆u = 0, 0 ≤ r < 4, 0 ≤ φ < 2π,

u|r=4 = 8 cos3 φ− 3 sin3 φ + sinφ− 2 cosφ.

22.6.
∆u = 0, r > 1, 0 ≤ φ < 2π,

u|r=1 = 5 cos3 φ + sin3 φ + sinφ− cosφ.

22.7.
∆u = 0, 0 ≤ r < 2, 0 ≤ φ < 2π,

u|r=2 = 3 cos3 φ− 7 sin3 φ− 4 cosφ + 5.

22.8.
∆u = 0, r > 3, 0 ≤ φ < 2π,

u|r=3 = 2 cos3 φ + 5 sin3 φ− sinφ− 3 cosφ + 2.
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22.9.
∆u = 0, 0 ≤ r < 4, 0 ≤ φ < 2π,

u|r=4 = 6 sin3 φ + 3 sinφ− 5 cosφ + 1.

22.10.
∆u = 0, r > 1, 0 ≤ φ < 2π,

u|r=1 = cos3 φ + 2 sin3 φ + 7 sinφ− 3.

22.11.
∆u = 0, 0 ≤ r < 2, 0 ≤ φ < 2π,

u|r=2 = cos3 φ + 2 sin3 φ + 9 sinφ− cosφ.

22.12.
∆u = 0, r > 3, 0 ≤ φ < 2π,

u|r=3 = 4 cos3 φ + 3 sin3 φ + sinφ− 2 cosφ.

22.13.
∆u = 0, 0 ≤ r < 4, 0 ≤ φ < 2π,

u|r=4 = 2 cos3 φ + sin3 φ + 3 sinφ + cosφ− 3.

22.14.
∆u = 0, r > 1, 0 ≤ φ < 2π,

u|r=1 = 3 cos3 φ + 5 sin3 φ + sinφ + 1.

22.15.
∆u = 0, 0 ≤ r < 2, 0 ≤ φ < 2π,

u|r=2 = 9 cos3 φ + 2 sin3 φ + cosφ + 4.

22.16.
∆u = 0, r > 1, 0 ≤ φ < 2π,

u|r=1 = 2 cos3 φ + 3 sin3 φ + sinφ.

22.17.
∆u = 0, 0 ≤ r < 4, 0 ≤ φ < 2π,

u|r=4 = −12 sin3 φ + sinφ + 6 cosφ− 1.

22.18.
∆u = 0, r > 3, 0 ≤ φ < 2π,

u|r=3 = 7 cos3 φ− 3 sin3 φ + cosφ.
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22.19.
∆u = 0, 0 ≤ r < 2, 0 ≤ φ < 2π,

u|r=2 = 2 cos3 φ + 4 sin3 φ− 3.

22.20.
∆u = 0, r > 1, 0 ≤ φ < 2π,

u|r=1 = 3 cos3 φ + 2 sin3 φ + sinφ + 3 cosφ.

22.21.
∆u = 0, 0 ≤ r < 4, 0 ≤ φ < 2π,

u|r=4 = 2 cos3 φ + 3 sin3 φ + sinφ− cosφ.

22.22.
∆u = 0, r > 3, 0 ≤ φ < 2π,

u|r=3 = 5 sin3 φ + 2 sinφ + 3 cosφ.

22.23.
∆u = 0, 0 ≤ r < 2, 0 ≤ φ < 2π,

u|r=2 = 3 cos3 φ + 7 sin3 φ + cosφ− 3.

22.24.
∆u = 0, r > 3, 0 ≤ φ < 2π,

u|r=3 = sin3 φ + 4 sinφ + 3 cosφ− 5.

22.25.
∆u = 0, 0 ≤ r < 4, 0 ≤ φ < 2π,

u|r=4 = cos3 φ− 2 sin3 φ + cosφ.

Çàäà÷à 23

Íàéòè ðåøåíèå óðàâíåíèÿ Ëàïëàñà â êðóãîâîì ñåêòîðå, íà ãðàíè-

öå êîòîðîãî èñêîìàÿ ôóíêöèÿ óäîâëåòâîðÿåò çàäàííûì óñëîâèÿì:

23.1.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
3 ,

u|r=1 = 2 sin 3φ,

u|φ=0 = 0, u|φ=π/3 = 0.
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23.2.

∆u = 0, 0 ≤ r < 1, 0 < φ < π,

u|r=1 = 2 cos 2φ− cosφ,

uφ|φ=0 = 0, uφ|φ=π = 0.

23.3.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
6 ,

u|r=1 = 3 cos 15φ,

uφ|φ=0 = 0, u|φ=π/6 = 0.

23.4.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
4 ,

u|r=1 = 13 sin 12φ,

u|φ=0 = 0, uφ|φ=π/4 = 0.

23.5.

∆u = 0, 0 ≤ r < 1, 0 < φ < 2π
3 ,

u|r=1 = 8 sin 3φ,

u|φ=0 = 0, u|φ=2π/3 = 0.

23.6.

∆u = 0, 0 ≤ r < 1, 0 < φ < 7π
6 ,

u|r=1 = 6 cos 6φ,

uφ|φ=0 = 0, uφ|φ=7π/6 = 0.

23.7.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
4 ,

u|r=1 = 5 cos 10φ,

uφ|φ=0 = 0, u|φ=π/4 = 0.

23.8.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
2 ,

u|r=3 = 12 sin 7φ,

u|φ=0 = 0, uφ|φ=π/2 = 0.
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23.9.

∆u = 0, 0 ≤ r < 1, 0 < φ < 3π
4 ,

u|r=1 = 6 sin 4φ,

u|φ=0 = 0, u|φ=3π/4 = 0.

23.10.

∆u = 0, 0 ≤ r < 1, 0 < φ < 5π
4 ,

u|r=1 = 3 cos 4φ,

uφ|φ=0 = 0, uφ|φ=5π/4 = 0.

23.11.

∆u = 0, 0 ≤ r < 1, 0 < φ < 3π
2 ,

u|r=1 = 12 sin 3φ,

u|φ=0 = 0, uφ|φ=3π/2 = 0.

23.12.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
2 ,

u|r=1 = 7 cos 5φ,

uφ|φ=0 = 0, u|φ=π/2 = 0.

23.13.

∆u = 0, 0 ≤ r < 1, 0 < φ < 5π
6 ,

u|r=1 = 13 sin 6φ,

u|φ=0 = 0, u|φ=5π/6 = 0.

23.14.

∆u = 0, 0 ≤ r < 1, 0 < φ < 4π
3 ,

u|r=1 = 17 cos 3φ,

uφ|φ=0 = 0, uφ|φ=4π/3 = 0.

23.15.

∆u = 0, 0 ≤ r < 1, 0 < φ < 3π
2 ,

u|r=1 = 9 cosφ,

uφ|φ=0 = 0, u|φ=3π/2 = 0.
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23.16.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
6 ,

u|r=1 = 3 sin 15φ,

u|φ=0 = 0, uφ|φ=π/6 = 0.

23.17.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
3 ,

u|r=1 = 17 sin 9φ,

u|φ=0 = 0, u|φ=π/3 = 0.

23.18.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
6 ,

u|r=1 = 3 cos 21φ,

uφ|φ=0 = 0, u|φ=π/6 = 0.

23.19.

∆u = 0, 0 ≤ r < 1, 0 < φ < π,

u|r=1 = 18 cos 4φ,

uφ|φ=0 = 0, uφ|φ=π = 0.

23.20.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
6 ,

u|r=1 = 20 sin 15φ,

u|φ=0 = 0, uφ|φ=π/6 = 0.

23.21.

∆u = 0, 0 ≤ r < 1, 0 < φ < 2π
3 ,

u|r=1 = 22 sin 6φ + sinφ− cosφ,

u|φ=0 = 0, u|φ=2π/3 = 0.

23.22.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
3 ,

u|r=1 = 22 cos 6φ,

uφ|φ=0 = 0, uφ|φ=π/3 = 0.
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23.23.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
4 ,

u|r=1 = 21 cos 14φ,

uφ|φ=0 = 0, u|φ=π/4 = 0.

23.24.

∆u = 0, 0 ≤ r < 1, 0 < φ < π
4 ,

u|r=1 = 14 sin 10φ,

u|φ=0 = 0, uφ|φ=π/4 = 0.

23.25.

∆u = 0, 0 ≤ r < 1, 0 < φ < π,

u|r=1 = 25 sin 3φ,

u|φ=0 = 0, u|φ=π = 0.
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